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Bachelor's: Amherst College, Amherst, MA (mathematics and computer science)
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PhD: Harvard University, Boston, MA (computer science)

This class is loosely about my favorite research topics: looking at democratic
institutions through the lens of game theory and algorithms.

Other research interests: Other non-research interests:
e Algorithmic fairness more broadly e Juggling

e Market/mechanism design e Unicycling

e Computational geometry/topology e Juggling while unicycling

e Finite model theory and descriptive complexity
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We will formalize
axioms, then ask
whether they can be
satisfied, and if so,
by what algorithm

We will consider various models and
settings with individuals who have
heterogeneous preferences. How do we
combine them into societal preferences to
make public decisions?
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Class is open to all grad students, undergrads by permission only.

Prerequisite: You must be comfortable with mathematical proofs.

This material is interdisciplinary, drawing on:

e Economics - models of preferences, axiomatic approach, reasoning about incentives,

game-theoretic foundations

e Computer science - computational tractability and hardness, approximation ratios,
tools for proving theoretical guarantees

e Political science - models of institutions, ideas about fairness

e Mathematics - topological existence theorems, geometric insights

e Operations research - optimization approaches, linear/integer programming

By Wednesday evening, please fill out pre-course survey linked on Canvas!
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e To gain exposure to the exciting and growing field on mathematical innovations for
democracy.

No written homework. Instead, there will be in-class problem-solving. You are expected
to actively participate!
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20% Attendance and participation.

20% Paper presentation 1

20% Paper presentation 2

30% Final project report (also submit a brief proposal and mid-term update)

10% Project presentation

Assignments will be submitted via Canvas. Slides for all student presentations are due at
11:59pm Anywhere on Earth on the day before the presentation.
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Final Projects

Project group size: 1-2 people. I may consider allowing groups of size 3 in exceptional
circumstances.

"Each group will submit a final paper of at most 10 pages (not including references) in
the style of \documentclass[11pt]{article}, due at the end of term.

The paper should set out a novel research question and at least make partial
progress towards answering it, including a plan and/or formal conjectures for

how to move forward.
The project must have some theoretical component.

The best case scenario is that the project report becomes the seed of an eventual
publication in an area related to your own research interests."
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Collaboration/AI Policies

For both presentations and projects: "Students are all expected to contribute, and will
each individually submit a detailed explanation of what they contributed to the final
report, in terms of both ideas and writing."

"Artificial Intelligence Policy:

1. Take ownership of anything you write in your reports, slides, or say in your
presentation, even if AI wrote the first version of it. You must fully understand what
you are saying, and know that it is correct.

2. For the final project, you must keep track of everything you used Al for, in detail,
and declare it when you submit your final project. Failing to disclose the use of AI will
be considered a violation of Yale’s academic integrity policy.

3. Do not let AI replace you as a writer. For instance, if you write a paragraph in your
introduction motivating why your problem is interesting, it should be written in your
own words using your own ideas. I do not want to read about what Al thinks about a
problem. I want to hear what you think."



Please double-check that you have access, even if you were able to get in today!



Warnings About Evans Hall

Please double-check that you have access, even if you were able to get in today!

[

Classroom on 4th floor:
4220 (Gould Classroom)

J

Main entrance
to Evans Hall

|

My office on 3rd
floor: 3477

Vi,

=13,

( The only
staircases
that reach
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Who should win?
> We'll see a bunch of different answers and various justifications
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Can we circumvent impossibilities via computational complexity?

A topological impossibility theorem (Chichilnisky, 1981)
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Lecture 4 - Restricted Preferences

Geometric way of thinking about voting over m candidates: Input is a point in the
(m! - 1)-dimensional simplex. What if not all preferences are possible?
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Single-peaked preferences - voters prefer closer
alternatives to farther ones (on each side separately)

Facility location problem - voters report exact locations

(@]

a
a b Phantom characterization (Moulin, 1980)
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Without any assumptions: No constant factor approximation
Assuming voters and candidates lie in a metric space: Constant factor, solved problem

Also allowing randomization: Better constant known, huge open question

Breaking_the randomized barrier (Charikar, Ramakrishnan, Wang, Wu, 2024)
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Alternative perspective on voting:
There is a ground truth ordering of alternatives.

C
d <«
a
b« & —
4
EHD)
b c S
C C C
b d d
a b 3
Which voting rules a b

recover the ground truth?

Insincere voting_with 2 alternatives (Austen-Smith, Banks, 1996)
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More common ballot format for many candidates: approval preferences.

Voter 1 Voter 2 Voter 3 Voter4 Voter5 Voter6 Voter 7 Voter 8

Cand. 1 v X X X v 4 v 4 v v
Cand. 2 v v v v X X X X
Cand. 3 X X v v v v v v
Cand. 4 X X v v v v v v
Cand. 5 X X v X v v v v
Cand. 6 X v X X v v v v
Cand. 7 v v v v X X X X
Cand. 8 X X v v v v v v
Cand. 9 X X v v v v v v
Cand. 10 X X X v v v v v

What if we need to select a committee of size 4? Tradeoff between utility and fairness.



Lecture 7 - Multi-Winner Voting

More common ballot format for many candidates: approval preferences.

Voter 1 Voter 2 Voter 3 Voter4 Voter5 Voter6 Voter/ Voter 8

Cand. 1 v X X X v v v v
Cand. 2 v v 4 v v X X X X
Cand. 3 X X v v v v v v
Cand. 4 X X v v v v v v
Cand. 5 X X v X v v v 4 v
Cand. 6 X v X X v v v v
Cand. 7 v v 4 v v X X X X
Cand. 8 X X v v v v v v
Cand. 9 X X v v v v v v
Cand. 10 X X X v v v v v

What if we need to select a committee of size 4? Tradeoff between utility and fairness.

JR: If you're selecting k candidates, every set of 1/k of the population that can agree on
a candidate cannot all be getting zero approved candidates.



More common ballot format for many candidates: approval preferences.

Voter 1 Voter 2 Voter 3 Voter4 Voter5 Voter6 Voter 7 Voter 8

Cand. 1 v X X X v 4 v 4 v v
Cand. 2 v v v v X X X X
Cand. 3 X X v v v v v v
Cand. 4 X X v v v v v v
Cand. 5 X X v X v v v v
Cand. 6 X v X X v v v v
Cand. 7 v v v v X X X X
Cand. 8 X X v v v v v v
Cand. 9 X X v v v v v v
Cand. 10 X X X v v v v v

What if we need to select a committee of size 4? Tradeoff between utility and fairness.

PSC and monotonicity (Aziz, Lederer, Peters, Peters, Ritossa, 2025)
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What if there are so many candidates that you can't poll any one voter on all of them?

Voter 1 Voter 2 Voter 3 Voter4 Voter5 Voter6 Voter 7 Voter 8

X v v
v v X X

v
X
X v
v
v
X
0 X v v
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Cand.
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Application to online platforms: https://pol.is/home2

Preferences must be elicited through limited queries. Can we still guarantee fair
representation with high probability?
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Like committee selection from approval ballots, but with weighted candidates!
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Project
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Example from Dominik Peters and Piotr Skowron

Suppose the total budget is $1,100. A greedy policy would spend the entire budget on
the first two projects.
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Project  Cost Vi V2 V3 Vv4 V5 V6 V/ V8 V9 V10 V1l
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Like committee selection from approval ballots, but with weighted candidates!

Project  Cost Vi V2 V3 Vv4 V5 V6 V/ V8 V9 V10 V1l

Bike path  $700 v Vv Vv v Vv V v
Outdoor gym  $400 v v v Vv Vv V
New park $250 v v vV v v
New $200 v Vv Vv V
Library for kids $100 v v Vv

Example from Dominik Peters and Piotr Skowron

Suppose the total budget is $1,100. A greedy policy would spend the entire budget on
the first two projects.

A better way: https://equalshares.net/

Underspending_in MES (Aziz, Lederer, Peters, Peters, Ritossa, 2025)
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Guest lecture by Rupert Freeman
University of Virginia, Darden School of Business
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Lecture 11 - Social Choice for AI Alignment

Basic RLHF rating RLCHF using aggregated ranking
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Lecture 11 - Social Choice for AI Alignment

Basic RLHF rating RLCHF using aggregated ranking
\ — = — F: Social Welfare Function
1 Q 34 == 1 a 34 /
‘ e _ aggregated
2 PO 34 == A 3 F, - l/ ranlzng;s, |
12 == 12 R — F R jeJ
3 @ 34 =||= . @ L J/J
,— @ - 2B, @ i -
6 @ T == @ _ *2 3 individual
pE4 =5, Py 3 €\ rankings
texts ratings text pairs R(z,))
r=olw,y)

Borda is bad for RLHF (Siththaranjan, Laidlaw, Hadfield-Menell, 2024)
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Guest lecture by Johan Ugander
Yale University, Statistics and Data Science
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In an envy-free (EF) allocation, each agent likes their
bundle the most.

Example ]

Item1l Item?2 Item 3 Item4 Item 5

Agent 1 / 3 2 2 6

Agent 3| 20 3 3 3 3
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We have to divide m items are divided among n agents.
In an envy-free (EF) allocation, each agent likes their
bundle the most.

Example ]

Agent 2 7 5 5 5 7

[tem1l Item2 Item 3 Item4 Item 5

» Is there an EF allocation?

Respond at:
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Example ]

[tem1l Item2 Item 3 Item4 Item 5

Agent 2 7 5 5 5 7

» Is there an EF allocation?

An EF allocation does not exist, so we can either:

e Relax the axiom
e Consider randomized allocations.

Respond at:
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Lecture 13 - Fair Division 1

We have to divide m items are divided among n agents.
In an envy-free (EF) allocation, each agent likes their
bundle the most.

Example ]

[tem1l Item2 Item 3 Item4 Item 5

Agent 2 7 5 5 5 7

» Is there an EF allocation?

An EF allocation does not exist, so we can either:

e Relax the axiom
e Consider randomized allocations.

EFX exists for three agents (Chaudhury, Garg,
Mehlhorn, 2020)

Respond at:
pollev.com/jtuckerfoltz255 or

bit.ly/jtfpoll or
text jtuckerfoltz255 to 37607


file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061143

Cake-Cutting model: [0, 1] must be divided among agents with arbitrary value functions.
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Cake-Cutting model: [0, 1] must be divided among agents with arbitrary value functions.

2 : Divide-and-Choose method:
Agent 1 divides into equal pieces,
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Cake-Cutting model: [0, 1] must be divided among agents with arbitrary value functions.

2— Divide-and-Choose method:
Agent 1 divides into equal pieces,
Agent 2 decides who gets which piece

We'll also cover:

e Strategic behavior
e Extensions to multiple agents

We'll also see applications of "fixed point theorems" like:

Theorem (Borsuk-UIam)]

In any continuous function from the sphere
to the plane, two antipodal points collide.

Applications: rent division, school redistricting.



Lecture 14 - Fair Division 2

Cake-Cutting model: [0, 1] must be divided among agents with arbitrary value functions.

2— Divide-and-Choose method:
Agent 1 divides into equal pieces,
Agent 2 decides who gets which piece

We'll also cover:

e Strategic behavior
e Extensions to multiple agents

We'll also see applications of "fixed point theorems" like:

Theorem (Borsuk-UIam)]

0.5 In any continuous function from the sphere
to the plane, two antipodal points collide.

Two sided matching
E fairness (Freeman, Applications: rent division, school redistricting.

Micha, Shah, 2021)



https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061154
https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061154

We'll talk about this more next lecture, but here's a teaser that has nothing to do with
this class...



We'll talk about this more next lecture, but here's a teaser that has nothing to do with
this class...

GAME:

1. Alice makes a set of arbitrarily many dice, with arbitrarily
many sides, and arbitrary numbers on the faces.




We'll talk about this more next lecture, but here's a teaser that has nothing to do with
this class...

GAME:

1. Alice makes a set of arbitrarily many dice, with arbitrarily
many sides, and arbitrary numbers on the faces.

2. Bob picks one die

3. Alice picks any other die




We'll talk about this more next lecture, but here's a teaser that has nothing to do with
this class...

GAME:

1. Alice makes a set of arbitrarily many dice, with arbitrarily
many sides, and arbitrary numbers on the faces.

2. Bob picks one die

3. Alice picks any other die

4. They both roll, highest die wins




We'll talk about this more next lecture, but here's a teaser that has nothing to do with
this class...

GAME:
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Alice can win this game with ~75% probability!



Lecture 15 - Condorcet Winners

We'll talk about this more next lecture, but here's a teaser that has nothing to do with
this class...

GAME:

1. Alice makes a set of arbitrarily many dice, with arbitrarily
many sides, and arbitrary numbers on the faces.

2. Bob picks ape-di® up to six dice

3. Alice picks any other die

4. They both roll, highest die wins

Alice can win this game with ~75% probability!



Lecture 15 - Condorcet Winners

We'll talk about this more next lecture, but here's a teaser that has nothing to do with
this class...

GAME:

1. Alice makes a set of arbitrarily many dice, with arbitrarily
many sides, and arbitrary numbers on the faces.

2. Bob picks ape-di® up to six dice

3. Alice picks any other die

4. They both roll, highest die wins

Alice can win this game with ~75% probability!

Now Bob can win!
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Pr[correct] = 0.9
Most widely-used system is representative
democracy: voters elect representatives,

then representatives make decisions Pricorrect] = 0.4

Less overhead, 4 @

better decisions (?)
Liguid democracy:
* voters can choose @
to vote or delegate

Better Pr[correct] = 0.7

representation v

An alternative is direct democracy: voters vote
on individual decisions (think referendums) Pr[correct] = 0.5 @

Pr[correct] = 0.6




Lecture 16 - Liquid Democracy
Pr[correct] = 0.9
Most widely-used system is representative
democracy: voters elect representatives, b ‘1204 @
then representatives make decisions rlcorrect] = 0.

Less overhead, 4

better decisions (?)
Liguid democracy:
* voters can choose @
to vote or delegate

Better Pr[correct] = 0.7

representation vy

An alternative is direct democracy: voters vote
on individual decisions (think referendums) Pricorrect] = 0.5

Pr[correct] = 0.6
Tracking_truth with liguid democracy (Berinksi et al., 2025)
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Lecture 17 - Citizens Assemblies

Governments and parliaments around the world are increasingly

using citizens' assemblies in their work.

THE PATH TO NET ZER(

What is a citizens’ assembly?

A citizens’ assembly is a group of people who are brought together to learn about
and discuss an issue or issues, and reach conclusions about what they think should
happen.

The people who take part are chosen so they reflect the wider population - in
terms of demographics (e.g. age, gender, ethnicity, social class) and sometimes
relevant attitudes (e.g. their views on climate change).
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happen.
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terms of demographics (e.g. age, gender, ethnicity, social class) and sometimes

relevant attitudes (e.g. their views on climate change).
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How do you round a list of n rational numbers to integers while preserving their sum?

1 2 3
Party 1 share: 1.1 'S B
Party 2 share: 2.7 O O
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How do you round a list of n rational numbers to integers while preserving their sum?

Party 1 votes:
Party 2 votes:
Party 3 votes:
Party 4 votes:
Party 5 votes:

Party 6 votes:
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270

210

160
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Any deterministic rule suffers from paradoxes. We'll look at a few different methods, and
a couple paradoxes, and a cool connection to computational geometry.



Lecture 18: Deterministic Apportionment

How do you round a list of n rational numbers to integers while preserving their sum?

Party 1 votes: 110 +40 150

-
Party 2 votes: 270 G G +93 363
Party 3 votes: 210 G +70 280

DOOC

1 2 3 1 2
Party 4 votes: 160 ¥ -1 159

Party 5 votes: 70 F 3 +50 120( i

Party 6 votes: 280 -éj- 4 +1281 F@j--g;-

Any deterministic rule suffers from paradoxes. We'll look at a few different methods, and
a couple paradoxes, and a cool connection to computational geometry.

Multi level apportionment (Schmidt-Kraepelin, Suksompong, Wijaya, 2025)
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Lecture 19: Randomized Apportionment

How do you round a list of n rational numbers to integers while preserving their sum?

0.1 0.1 0.3 0.3 0.1 0.1 1 2 3 0.1 0.9 1 2

> ®O®
DO
i

A —

Pri@(aa/a(aa)] = 0.1

Randomization solves some problems but creates new ones!

House monotonicity (Golz, Peters, Procaccia, 2024)
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Alternative to apportionment: One member per party/state, but votes are weighted.



Alternative to apportionment: One member per party/state, but votes are weighted.

: T=1/2
Town name Adj. Pop. | Pop. share

weight
Town of South Bristol 1641 0.01459 1488
Town of Canadice 1668 0.01483 1511
Town of Bristol 2284 0.02031 2106
Town of Naples 2403 0.02137 2211
Town of Seneca 2644 0.02351 2421
Town of West Bloomfield 2740 0.02437 2506
Town of Richmond 3360 0.02988 3123
Town of Geneva 3473 0.03088 3204
Town of East Bloomfield 3640 0.03237 3340
City of Geneva (5,6) 3679 0.03272 3373
City of Geneva (3,4) 3921 0.03487 3582
Town of Hopewell 3931 0.03496 3589
Town of Gorham 4106 0.03651 3740
City of Canandaigua (2,3) 5140 0.04571 4682
City of Geneva (1,2) 5210 0.04633 4740
City of Canandaigua (1,4) 5436 0.04834 4932
Town of Phelps 6637 0.05902 6000
Town of Manchester 9404 0.08362 8381
Town of Canandaigua 11109 0.09879 9748
Town of Farmington 14170 0.12600 12092
Town of Victor 15860 0.14103 13231
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apportionment: One member per party/state, but votes are weighted.

. T=1/2
Town name Adj. Pop. | Pop. share
weight
Town of South Bristol I 1641 0.01459 1488 I[
Town of Canadice 1668 0.01483 1511
Town of Bristol 2284 0.02031 2106
Town of Naples 2403 0.02137 2211
Town of Seneca 2644 0.02351 2421
Town of West Bloomfield 2740 0.02437 2506
Town of Richmond 3360 0.02988 3123
Town of Geneva 3473 0.03088 3204
Town of East Bloomfield 3640 0.03237 3340
City of Geneva (5,6) 3679 0.03272 3373
City of Geneva (3,4) 3921 0.03487 3582
Town of Hopewell 3931 0.03496 3589
Town of Gorham 4106 0.03651 3740
City of Canandaigua (2,3) 5140 0.04571 4682
City of Geneva (1,2) 5210 0.04633 4740
City of Canandaigua (1,4) 5436 0.04834 4932
Town of Phelps 6637 0.05902 6000
Town of Manchester 9404 0.08362 8381
Town of Canandaigua 11109 0.09879 9748
Town of Farmington 14170 0.12600 12092
Town of Victor I 15860 0.14103 13231 Il

1641/1488 ~ 1.1, but 15860/13231 ~ 1.2. Why?
This equalizes the "voting power" of the counties.

Inverse semivalue approximation

(Diakonikolas, Pavlou, Peebles, Stewart, 2022)


https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061148




) # : % AN fg'/( //’<‘/ /7-(// f"’("/é'd/ ";_(")/ f e £l 4‘5}"3&&—2 ﬁ.-w.w?/f’?rrﬁ ﬁ?fﬁyﬂﬁfw fﬁ '_ -

o e e .-...Jf.r"z; /45 f-'.r St b ffi__y,-y;ﬁﬁr.d: M@wr@fﬁfémﬂ Z-i%t'y’ﬁ' JU W
é’fﬁfﬂl‘ﬂ"& rf#fd!‘;‘JfE?f’gffJf.‘é:iffi{'! é’f :rr‘?'-d.,-"i"f B s .r'xf:’.-?‘; e W P Jﬁ" f’ AR Y R

W\ihc e

my i’ﬂ"’r’*'ffs o srtaril i ottt v e €% j;tj,ﬁ F x’}’ﬁ*' A rff w7l it 2 ,fw'iﬁ:-{ Jﬁ.ﬁ?ff At ?&m e a-'ég;,y,, :

&24/&/ § 27 f;f L/j}rﬂfg"’ f«g:-efn{f;%a
f%/yﬁf;ﬁf e

et :
(-,_-4{"! A E. /":ﬁ'-' s:x??( & ﬁg;wwﬁ&eyﬂféyf o b, s e i oA P 62T e f,yﬁwﬂf ‘_,fr‘?i-i'ni‘*?“ s Mgﬂé o e e il .g:'?:':é’fdﬁf e ibte & oA
R e el ,/:-‘w"’ Frn i . .-:-;:m-"‘ ﬁfﬁf{éﬁe.ﬁfyf/{fig‘: A ptcenmic P o r?{,ﬁ_{ A, f Ay i b iy

e j/’”d_' _;"”"W‘a perd e i ﬁf‘#‘:‘/é!{dﬁf s ff a! e fﬁ/&‘é;f/ﬁ@:‘é”" e’ x:ﬁqfﬁﬂ c-r.-.-":'" Fn s -n-" r?;,{-’ﬁr-" :;;»-f ‘?/}Hzf,-g e /ﬁw ﬁ"'ﬁ%"rﬁ#ﬁ’fﬂ"ﬂ*ﬁ Ty j"f"“""{"’ o (,’b’? ,‘.-3-- ,fw. ﬁfxﬁf’ }’.fﬁ,{.;f‘iﬁ-’__ff‘ﬁf..é{

N it R e e il o 0 il -
r r} fe;ffﬂf&y"' B e b e P mer | A '?,ffd"‘r"_r‘ff_-’ffggfrgﬁ - _,J, B s e e, e jﬁ{' f#f/:'ﬁ‘ﬁf:ﬁﬁfc&’c’f’;;rj?ﬂ s &ﬁ#ﬂ#--.sxfw; T "””“"/’f"“'ﬁl o "_r,
.'*?' N NN SRR A P Y Ry r}'f e e AN A f-'#,-a'ﬂ?.r’??; j/;:‘,,.- e s ,W}-Ge;;j:;nf/jﬂfxﬁérxﬂﬁ’r’ 5 ff’fr?:fffﬂ’fﬁf e f’d}féﬂd‘w’ el i "’7’ ‘d"":"’“'}‘
r et i e ﬁ;ﬁf o o T e e 5 D e D i S i sy e Do G e i e
AN S orore 22 r‘.r"',rz e N 4 xﬁd—.-:mpmfmnﬁf vk .r.-:.-’?:-;,,f weir bl e Harnidins 7 e o A e s b s “"E’M?EJMWM? g
‘g.r':.f zr.ﬂwwgft/ .c?zr.r‘} el PP ol ;?w A wf.ff,rff ,}.li-*.cm arr‘fé':-*qu.ﬂ? .crw,-.r-"}x;.v:r’*f" il e P o .fﬂ:ﬁfff&fd?é,frﬁ:'.iﬁ P ﬁ‘l %—fé’ﬂﬁf ='-'r" oeridircl s

.nﬂ'b?f é&.-'::’w""' c-!" -1"{-1" L4 ﬁ fer f/.pff"’f #*.-'E‘i'.‘":-..? ey I:.’-}ng 'r"r"-".r"‘{..-“.-"q-"c' rf ff r,-*.aef":-n-.--ﬁf e é‘f : v-'.s.w.-v..r"’ rfff;/fﬁ-ff s l,é?.f;ﬁ? *-”E';:t} =~f’.r';£~$m' f—i’ﬂf}"ﬁﬂ” f?-ﬂ Pﬂ;ﬂy@ﬂ#ffﬂ

ﬁeﬂ’ o fﬁwﬂff e .w.& L /}3— . . .
PR d—'zr.-iarw.-f;;&f .ff .ﬂg& /}d Jﬁf’ﬂ?:c.’é’ff?ffe. T rxwwfa el gk f%f ﬂ .' i - - mg yégyﬁ'%l"ﬁ]ﬂ&m S

= q!.-ﬁ.s.r ,--f‘.gfa:,e” ,,-" ' ."ﬂrm{-ﬁ;ﬂﬁff
M@%ﬂ%jﬁgﬂmﬁﬁ within this Unio uﬁrﬁgmﬁwﬁm‘

. ‘fespective “ﬁpmb;xsﬂm@my@w@ry@ub%qﬂe “Term-of ten-y

B .-ﬂ.a. a mﬂyfm 1::'-1‘.'-‘2'-'!?




. wﬁ'ﬁ’” ,@_..__,_I ._...”.....---..-F -"_f"_ x & I - s r - i T ."" o Vg e
16 Times and Manner« foy Sena*tm"s

Povy = = ﬁgfg,f e ﬁ‘:ﬂtﬂggﬁgfy o Wlf@vuﬁﬁ’ .ﬁé e METLW el
- e DAY g _‘.-_.Fn,r‘!;‘r'g_-' 3@ e e Meﬁuﬁhﬁé&uﬂ'ﬁé rmwfwﬂﬂﬁé@mmﬁfﬁmf%ﬁm .ms..?"
k H T .-»:;&j;-‘m-lm" gy éﬁﬂﬁfﬁaﬁ-’f}éﬁfﬁrﬂﬂ#’ e o2 amﬁwrfﬁ’&f ffwﬁkfrﬁéﬁfr’ﬁ %éf%'ﬂwﬂ’ t%,&dcz’c@?ﬁfmﬁm P - z'f&dtﬂf’?f -
: > -_ ; Wﬁi%mﬂfffzﬁﬂ G bor oidr Aol ﬁr”M HWJMM ﬂdﬁt’-ﬂ’fiz}-& . A e e &MM qﬁﬂ .aé;/ W 5 a{ﬁ!&ﬂ .JWJM B

d;}x ‘:wa&f ﬂfﬂf e .rffdwmryfﬁ ,:.:-;ry ﬁ'ﬁ‘ﬁ?ﬁ?’!ﬁ{ﬁ?@’éﬁ’:ﬂrﬁ&f resh b LR, JJM" ﬁﬁﬂﬁg&-‘fﬁﬂfm Méﬁ v : ﬁ&’

W A /rzfm f&w&fi J‘:mrwrﬁaf‘&w,w{f’vgﬂmﬂéﬂf .ré'r.,ﬁmﬁ:{,mﬁﬁéfw.{rx g&? el .:q,é;wﬂ e 2 _‘-: i

:.-'.- e P :’F Mﬁ"ﬂ .f_'ﬁﬁ'"_ £ l!dl o -"' =15 ;'r_? '.l‘-.r z
) : f.“ ..{- ¥ af SO

&{fﬁ.@/&éﬁzr
o s S J-
B f‘& .,-*.fa:ew,m:«' ,,.r et i ECRAE IR P R SRR I e = ‘Ffrﬂ- e e e A SEHAE

,ﬁréwﬁ?d’ 2 ﬂ’é':' Wﬁrz“ L

Y o, e e, S ﬁfﬁfmff&’m .m—:m" e . ind g ﬁp:mr.z R ﬁ W?‘if” MM s e
Q/.e:;am oI e e cf--wf' fééfﬂj/ﬁf e & 4 ﬁ { et B L A T géwfmfwﬂﬁﬂ,ﬁ,”;% %Mg



wzﬁw‘f’@“ T L TR 1 R ol IO Eyby - S ol
t .fmﬁﬁmﬁﬁ - {r 2 AT o Aﬁﬁfm"’% :

o S ot vt

ok s ___. I, PRRION, S SR X b g alis g oA nsecs r:,f.bﬁq HJMWM ,@ﬂﬁ.ﬂé‘.ﬂé e e:f&ﬁfpw ﬁmé-i‘ igif‘:“”i’f

s .." 5 SR e s é Jd;g;@f/ VIR, ot e s A B e o et e Co 3 ﬁ. k. f o A j ﬁd&

| :'. : .-:w"' ..-:::ﬂar.-‘" oo éﬁﬂf-’iﬁ"a’f}"f TR SORPRT o e B s WW jf ecrect Jﬁwﬁw{ﬁ%/ﬁf#ﬁ % Egﬁ%ﬁj; ‘ﬂé?fzf mﬁw e
it _; Wﬁﬁwﬁfﬁﬂ e e ] g{gf,ﬁfﬁ fﬁWMﬁMMﬂMMng/ﬁfM .-:E"#.".r?';.-"'ﬁ"' i e

| A ;’/f,ﬁ e Qr;fﬁﬁ-.f i Frereamies sy il Ctirs o 2 ecasirlrconc T wﬂ':m f*’ﬂﬂfﬁwﬁﬂm ‘fﬁ (e |

» 5 - 3 o o

i ,A";;:')’E&'- {;{f \J’.;;":v"ﬁ" #rﬁd{fﬂﬁrﬂ’{'{r A aéﬂt&’;fﬁffs}f’g%w ﬂ;‘%ﬁ .--"'-:'f‘-’.--f.fi‘#‘l - = s x : _ﬂ? s 4

& -z : ,,..-F' A e A

& 773 {i-* el A g e L (CPE, FIEN 278 EWERY GBI IEAL L TLR A AL ?ﬂ" el et oo BELHEARIE ‘fﬁf‘w Bt _ " o B 1—‘"'
‘,- .-,I- f J‘-}?{ - - g S E -

!
: PP a’;‘: wmr.:"' P Gy o
}g Qfﬂ;’/ Wj e éx&y{ ﬁﬂ&u’?ffj’ﬁ/ﬂf‘%ﬁ; jw/};/’ f pﬁxfwy,f‘ﬁ&fzw@rﬁwa" J{fm’iﬂw /‘i-ﬁ-.f PeTE fﬂﬁ‘ﬁ-’ﬁé%ﬁ’;ﬂ‘ e ﬁﬁ/ﬂf?‘f‘ .zaéf Mm

¥ R .-“:r{-..ﬂ-l.n -'F.-v"-’.-‘.'-':l fﬂh”f{lﬂf’fﬁ? WM&&#MJ?&M%WW k} i

Apportlonment




-,'Emﬁi latesand Mannero Wﬁ"ﬁf t}o sfor Senators |

R TR ’ L oy W —
mué’é%mﬁey

et Hﬁﬁ%ﬁﬂefﬂf J.,_ﬂré’a..fﬁ tzﬁ) e £ i £ ﬁﬁiﬁfgfffi’ e gt AP ;
% > fé &hﬂéﬁ - e@eﬁ’ﬁ“e*dffﬁﬁ ﬁ‘fﬁ‘f’éé %’/

eyt o R s e o s it e il S omt M*ﬁ

ATy T E@f/ﬁ s waéﬁff#ﬁﬂffg rfwmﬁfwﬁéwfﬁﬁ @Mm{%vﬂvﬂrﬁfﬂﬁﬂ %Mﬁ&ﬂﬁ' e:mr" h
: m“’m@h‘ SO ﬂ,.m g;‘ﬂ},ffﬁgj?ﬂmﬁf bl vt e, i/‘"mﬁﬁ” AP, el Jc*.ﬁwgﬁkff«ﬁéj’ciﬁj’fa ﬁﬁ@maiﬁ'; ﬂ,ﬁiﬂ ;ﬁ i s azf'?f %};ﬁwﬁy
.#fﬁﬁwmfﬁ Driitits o it ATty coremc it il hewneorr e s 56 L e itisiad & ebmalcimcn "f""ﬁj f”"’“’ .

- d//f@ M;_,f@, {ﬁkﬂf Bk LA / aI S "2’;’? P, S P m;za"mﬁ-ffs&nmrﬁzafﬁ .rm.-én—%ﬂf .ﬂérﬁ" e /épﬂ.::ﬁf;&"ﬁsﬁ’m
A e !ﬁﬁw& jA -:"::-?’"f"ﬁ" #rﬁ.»f‘fxr.ffm{f 5 e -':" ﬂﬁr&#f&#&mﬁf {Sﬁ!’r{'ﬁ_‘-}&/ g ,.-{s—,,.f ; .:;,@‘:’.,'sa-;-’w‘- i .- T .

- s i P i A
R Cetgen e - e '|‘ it
¥ e b i 1l e

: , : WA e e at'-' A
- i = - P G R, e i A L
f"é’ (Ja,-*ff,?;f £r e e CERAE s '

rrddocrel i i 95? " v ‘é&f
fo/{;/ e j Hi& s ﬁﬂwl#{#j’gﬁzﬁf ﬁ jﬁf/ﬁ"‘a A (ﬁé—v" a-s-‘m,»’i"/?ﬁ#’ .rw.:af.e?.:-.ea" A J'ﬁrm’faw / ..-r.f?.r AR /’.’Eﬁﬁ‘ﬁﬁéw}ﬂ‘#m’f ﬁﬁ/ﬁﬁ/ .zwfmaé' oy awwﬁﬁ J-!!

Apportionment Redistricting

—




r & ‘-:?,

yf‘ﬁw‘j’ .r.ﬂr_._,-\_-g B -._-E:::r - .."‘.r_. —

il é%"fﬁ?'wﬁ’f’.gf : -

o Jﬁﬁ a‘é&zﬁr’mﬁ?ﬁz@ %M

Th ¢ Times, P andManherof 1 WME‘ t}o S for Senators
i Eﬁ %ﬂfﬂﬁf; fﬁﬁé"&aﬂ@fm’hﬁﬁ}ffﬁ P AR T f?ﬁé-"?—’;é;ﬁﬂf ek e e e o 72 5 A e %&y f’f
entatives; s m me@eﬁWfﬁ ‘S‘tﬁ‘i‘eé |

A mﬁzﬂ
: P A el precn g %ﬂw o .e;-.’r.a-r G ﬁ?ﬁ%ﬂﬁgf/ .v-ﬁswf .@‘f e Mpﬂf" :‘mw-fdw,r

:ﬁ s ;‘.:E"r AR é’?ﬂf#;ﬁ{ﬂ’f = n’rwwfw,aﬁ:#’ e fﬂfﬂ/:wc"' :ﬁf—

2ot A crd A T n‘i"ﬂﬂ’fﬂﬁ ,5-'&-.?:"" et .r:'-:':’.-ﬁf i s azi"..:’ % o
P ffﬂ ﬁé’% 5 f';{ 5 ﬁ, %ﬂieﬂf

L, T fﬂt"{m‘f.‘?ﬁ, 12:‘@5 ;'d"lf# .-:!-9'.'?.."5-".-‘:.-;,.:"
.-w"' B s, Lt B ?JM_’;{ PR o jf’ Jﬂ/ﬁﬁ?ﬂ{f ﬁ{ﬁ%‘g{?

X “
-a%é’%"émmwﬁﬁ rg: ealp Aot ﬁfff;ﬁ&é’ﬁﬂ" crrp e il fzrwa?,@wﬁ e e s e’:_"-ej/‘{ﬁ:".t".-ﬁ"‘ =

W{rﬂﬂf&@.ﬁf ,_.e_,-;’" zrf c:éI /ﬁfﬂaﬂf;&’ﬁﬂf Lo s

e L -:;‘J/ E' z/;..-',f&f ;E’ij“‘érffﬂ e ,".-r?".:a"arfmﬂsf / xfﬁ?{frﬂ :;_t? -é:?f‘) R FE-"‘E"“-‘:JP-.'-’:".-"” S g ﬁf |
e c'f;ﬁ -:’"‘r-?"’f’ﬁ" PR SR N e B .ff' fﬁr&-ﬂ" F.r'ﬁﬂ-‘a:f csﬁe’r,a;&/ oy ;{rx.-‘.':‘# Sl e & P

w A
Lok oty P A A xfcﬁvgf B T A CAAE - fwﬁ -

-

L AT /r.r-r" P

e df;f.-:ﬂr i i P, S e n e .. ._.- ;

..-_ga:r.-'.-"".ﬂ-,«vt:d"'

-'"‘E 'I:f*"-r «-’-"f;-"-’?‘ f.fr._-*' r‘: o A e e

f’: gl'_;: .r' o n’_‘;'r"ll:i'i- e :.:".-f-d—"l‘f alr {f m l"'-;ﬁ-:' "M'IE "'-;-5&;5" _lr'ﬁ'*f Pl ?{

i h

i h

Election

Redistricting
—_—

Apportionment
—







Gerrymandering: Drawing district lines to advantage one party or group over another.
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Gerrymandering: Drawing district lines to advantage one party or group over another.
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Approaches:

min Z Ye

s.t. ;1 + x40 = 1

LK <) piwa <UK

eV

Lk—K)<) pwn<Uk—Fk)
eV
Ty1 — Tp1 L Ye aNd Ty — Ty < Ye

'CCT1:1

x, Yy binary.

Treat as an optimization problem



Approaches:

min Z Ye

s.t. ;1 + x40 = 1

LK <) piwn <UK

eV

Lk—K)<) pwn<Uk—Fk)
eV
Ty1 — Tp1 L Ye aNd Ty — Ty < Ye

$T1:1

x, Yy binary.

Treat as an optimization problem

E Achieving_no county splits
(Buchanan, Ezazipour, Shahmizad, 2023)


https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061141

Lectures 21, 22, 23 - Redistricting

Approaches:

S.t. Ty +x0=1
LK <) piwa <UK
eV
L(k—k)<) piap<Uk—FK)
eV
Tu1 — Ty S Ye and Ty1 — Ty < Yo

LUT1:1

x, y binary.

Treat as an optimization problem

Design a game

E Achieving_no county splits
(Buchanan, Ezazipour, Shahmizad, 2023)



https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061141

Lectures 21, 22, 23 - Redistricting

Approaches:

S.t. Ty +x0=1
LK <) piwa <UK
eV
L(k—k)<) piap<Uk—FK)
eV
Tu1 — Ty S Ye and Ty1 — Ty < Yo

LUT1:1

x, y binary.

Treat as an optimization problem

Design a game

E Achieving_no county splits
Fair majority_voting (Balinski, 2018) (Buchanan, Ezazipour, Shahmizad, 2023)



https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061141
https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061144

Lectures 21, 22, 23 - Redistricting

Approaches:

S.t. Ty +x0=1

LK <) paa <UK

eV

eV

Tyl — Tl < Ye and Ty1 — Ty1 < Ye J_

T, =1 | |

x, y binary.

Sample many

Treat as an optimization problem "random” maps

Design a game

E Achieving_no county splits

Fair majority voting (Balinski, 2018) (Buchanan, Ezazipour, Shahmizad, 2023)



https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061141
https://yale.instructure.com/courses/117538/files/folder/Student%20Presentation%20Readings?preview=12061144
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piece they control




Does Divide-and-Choose work?

GAME:

1. Party 1 splits the state into
two pieces

2. Party 2 chooses a piece

3. Each party redistricts the
piece they control

Turns out that this gives the
divider (party 1) too much
power.



Lecture 21 - Design a Game

Does Divide-and-Choose work? The State-Cutting game

GAME: GAME:

1. Party 1 splits the state into 1. Each party / draws a region X; of arbitrary
two pieces size

2. Party 2 chooses a piece 2. Whichever player i drew the region

3. Each party redistricts the containing a smaller population is the
piece they control divider, and the other party, j, is the

chooser

Turns out that this gives the 3. Party / divides X; into two pieces

divider (party 1) too much 4. Party j chooses a piece

power. 5. Party / redistricts their part of X; and party

j redistricts the rest of the state.












Lectures 22 and 23 - Sample Many Random Maps

Algorithm (ReCom) ]

Starting from an arbitrary balanced § §
k-partition, repeatedly:
—>

>

1. Merge two random districts.

2. Sample a random spanning tree T on
the merged district.

3. Try to split T on a single edge into

balanced subtrees. If not possible, §
start over. ;
«
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Algorithm (ReCom) ]

Starting from an arbitrary balanced § §
k-partition, repeatedly:
—>

>

1. Merge two random districts.
2. Sample a random spanning tree T on

the merged district. \
3. Try to split T on a single edge into

balanced subtrees. If not possible,

start over. E E
4. Update the k-partition, new parts
induced by subtrees. Z




Lectures 22 and 23 - Sample Many Random Maps

Algorithm (ReCom) ]

Starting from an arbitrary balanced § §
k-partition, repeatedly:
—>

>

1. Merge two random districts.
2. Sample a random spanning tree T on

the merged district. \
3. Try to split T on a single edge into

balanced subtrees. If not possible,

start over. § §
4. Update the k-partition, new parts

induced by subtrees. Z §
Run for many steps, then output the final ~ i L

partition.




