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A social choice
function f (or voting
rule) assigns a
decision to each
possible input
preference profile

There are m alternatives
(AKA candidates), output is:
e A single alternative

e A set of k alternatives

e A ranking of all alternatives

wh heterogeneous

[There are n voters ]

Each voter specifies:
e A ranking over all alternatives

e A subset of "approved" alternatives
e Answers to specific queries

Most widely-studied setting: picking a single candidate from ranked-choice ballots:

f:2(im])"

— [m]



An interesting preference profile

Example]
m = 5 candidates, n = 100 voters, preferences as follows:

=

Num voters: 33 16 3 8 18 22
First choice: a b C C d e
b d d e e C
C C b b C b
d e a d b d
Last choice: e a e a a a




An interesting preference profile

’Example]
m = 5 candidates, n = 100 voters, preferences as follows:|
Num voters: 33 16 3 8 18 22
First choice: a b C C d e
b d d e e C
C C b b C b
d e a d b d
Last choice: e a e a a a
» Which candidate should win? (No right answer!) Respond at:

pollev.com/jtuckerfoltz255 or

bit.ly/jtfpoll or
text jtuckerfoltz255 to 37607


file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
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Num voters:

33 16 3 18 22
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First choice: b C d
b d C
C C

O

b C b
d b d

Last choice:
33

a
b: 16
C. 11

d: 18
e

22
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AKA: \Example |
e Elimination voting _

e Single Transferrable Vote (STV) N.um vot.ers. S5 LE = 8 L 22
e Ranked Choice Voting (RCV) First choice:

Repeat until there is only one
candidate left:
(1) Let x be the candidate with
the fewest first-place votes Last choice:
(2) Remove x from everyone's
ballot ("transferring" votes for

X to the next candidate) 33
The last candidate remaining wins. 0 Note: We can stop
0 when some candidate

has a majority!
Winner ===p  d: 67

BN o
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Sarah Palin’s defeat in Alaska
proves ranked-choice voting

works

More than 3 years ago

B 3min & A O 812 {2 Make us preferred on Google

It’s not the fault of ranked-choice voting that a majority of Alaskans
didn’t want Sarah Palin to represent them in Congress. Yet Ms. Palin
and other prominent Republicans are unfairly blaming this new system,

approved by statewide ballot initiative in 2020, for allowing Democrat

Mary Peltola to prevail last week in a special election to complete the



Case study: 2022 special election in Alaska

Valid votes

Invalid/Inactive
3,876

0,
.01%
of total

50% |

Peltola
74,817
38.86%

of total

0,
.66%
of valid votes

Palin
58,339
of !otal%

30.92%

of valid votes

Begich
52,536
29%

of total

()
of valid votes

?_

Credit: https://en.wikipedia.org/wiki/2022_Alaska's_at-large_congressional_district_special_election

+982

+634

+1,274

+84

Peltola
91,266
47.40%

of total

.48%
of active votes

+15,467 .| 50%
Active votes
Palin
86,026
.68%
of total
48,527
+27,053

+11,290 Invalid/Inactive
7.92%
15,250



How it works:
(1) For each ballot, assign
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ranked in position j
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(3) Select the candidate with
the largest score
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How it works:
(1) For each ballot, assign
m — j points to the candidate
ranked in position j
(2) Add scores across ballots
(3) Select the candidate with
the largest score

\Example]
Num voters: 33 16 8 18 22

First choice: b C d
b d C
C C

Last choice:

- 4%33 + 1x3 = 135

4%x16 + 3x33 + 2%x(3 + 8 + 22) + 1x18 = 247
C: 4x11 + 3x22 + 2%x(33 + 16 + 18) = 244
d: 4%x18 + 3x(16 + 3) + 1x(33 + 8 + 22) = 192
L e | 4x22 + 3x(8 + 18) + 1x16 = 182
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How it works: \Example]

(1) For each ballot, assign

m — j points to the candidate
ranked in position j

(2) Add scores across ballots
(3) Select the candidate with
the largest score

Winner )

Num voters: 33 16 8 18 22

First choice: b C d
b d C
C C

Last choice:

QO oj|Ww

O
O
(@)

O

- 4%33 + 1x3 = 135

b: 4%X16 + 3x33 + 2%X(3 +8 + 22) + 1x18 = 247

C: 4x11 + 3x22 + 2%x(33 + 16 + 18) = 244

d: 4%x18 + 3x(16 + 3) + 1x(33 + 8 + 22) = 192
L e | 4x22 + 3x(8 + 18) + 1x16 = 182



Condorcet vs Borda

Marquis de Condorcet Jean-Charles de Borda
(1743-1794) (1733-1799)



Condorcet vs Borda

b should win

T

c should win

/

Marquis de Condorcet Jean-Charles de Borda
(1743-1794) (1733-1799)



Condorcet winners
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Condorcet winners

Example ]

=

Num voters: 33 16
First choice:

Q d O QO T
M@ 9 T QO oW

a
b
C
d
e

Last choice:

QO O T O 0O |oo

18

Q T O 0D Q

22
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c>b: 3+8+ 18 + 22 =51




Condorcet winners

=

Example]

Num voters: 33 16 3

First choice: a b C
b d d
C C b
d e a

Last choice: e a e

QO O T O 0O |oo

18

Q T O 0D Q

22

QO O T O O

c>a.
c>Db:
c>d:
c>e.:

16 +3+8+ 18 + 22 = 67
3+8+ 18 + 22 =51
33+3+8+ 22 =066
33+ 16 + 3+ 8 =60




Condorcet winners

A Condorcet winner is an
alternative that beats every
other alternative in a head-to-
head contest.

c>e.

33+ 16 + 3+ 8 =60

,Example]

Num voters: 33 16 3 8 18 22

First choice: a b C C d e
b d d e e C
C C b b C b
d e a d b d

Last choice: e a e a a a

c>a: 16+ 3 +8+ 18 + 22 = 67

c>b: 3+8+ 18 + 22 =51

c>d: 33+ 3+ 8+ 22 =66




Condorcet winners

AI Condo_rcethwinner IS an ,Example]
T e . [Mumvoterss 33 36 3 s 18 2
head contest. First choice: a b C C d e
b d d e e C
C C b b C b
d e a d b d
Last choice: e a e a a a

c>a: 16 + 3+ 8 + 18 + 22 =67/
c>b: 3+8+ 18 + 22 =51
c>d: 33+3+8+ 22 =066

c>e: 33+ 16 +3 +8 =60
("4 Candidate c has > 50/100 votes in any contest



Condorcet winners

A Condorcet winner is an *Example]

alternative that beats every _

other alternative in a head-to- Num voters: 33 16 3 8 18 22

head contest. First choice: a b C C d e
b d d e e C
C C b b C b

» Does a condorcet

winner always exist? d € d d b d

Last choice: e a e a a a

c>a: 16 +3+8 + 18 + 22 =67/
c>b: 3+8+ 18 + 22 =51
c>d: 33+3+8+ 22 =066

c>e: 33+ 16 +3 +8 =60
("4 Candidate c has > 50/100 votes in any contest



Condorcet's paradox

SUR L'APPLICATION

[I’ANALYSE

A LA

PROBABILITE
DES DECISIONS

Rendues 2 Ia p{uraliié des voix.

DE

Par M. LE MARQUIs DE CONDORCET, Secrétaire perpétuel
de I'Académie des Sciences, de IAcadémie Francoife, de
UInfline de Bologne, des Académies de Péterfbourg, de
Turin, de Philadelphie & de Padoue.

%

Quad i deficiant vires audacia certd
Lays erit, in magnis & voluille fat efl.

X PARIS,
DE LIMPRIMERIE ROYALE

——

M, DCCLXXXYV,

Suppofons en effet que dans 'exemple déja choift, ou I'on
a 23 voix pour A, 19 pour B, 18 pour C, les 23 voix
pour A foient pour la propofition B vaut mieux que C; cette
propofition aura une pluralité de 42 voix contre 18.

Suppolons enfuite que des 19 voix en faveur de B, il y
en ait 17 pour C vaut mieux que A, & 2 pour la propofi-
tion contradi@oire ; cette propofition €' vaut mieux que A
aura une pluralité¢ de 3§ voix contre 2 5. Suppolons enfin
que des 18 voix pour C, 1o foient pour la propofition A4
vaut mieux que B, & 8 pour la propofition contradictoire,
nous aurons une pluralité de 33 voix contre 27 en faveur
de la propofition A vaut mieux que B. Le {yft¢me qui obtient
Ia pluralité fera donc compofé des trois propofitions,

- A vaut mieux que 5,
C vaut mieux que A4,
B vaut mieux que C.

Ce fyftéme eft le troifieme, & un de ceux qui impliquent

contradiction. ‘
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Suppofons en effet que dans 'exemple déja choift, ou I'on
a 23 voix pour A, 19 pour B, 18 pour C, les 23 voix
pour A foient pour la propofition B vaut mieux que C; cette
propofition aura une pluralité de 42 voix contre 18.

Suppolons enfuite que des 19 voix en faveur de B, il y
en ait 17 pour C vaut mieux que A, & 2 pour la propofi-
tion contradi@oire ; cette propofition €' vaut mieux que A
aura une pluralité¢ de 3§ voix contre 2 5. Suppolons enfin
que des 18 voix pour C, 1o foient pour la propofition A4
vaut mieux que B, & 8 pour la propofition contradictoire,
nous aurons une pluralité de 33 voix contre 27 en faveur
de la propofition A vaut mieux que B. Le {yft¢me qui obtient
Ia pluralité fera donc compofé des trois propofitions,

A vaut mieux que B,
C vaut mieux que A4,
B vaut mieux que C.
Ce fyftéme eft le troifieme, & un de ceux qui impliquent
contradiction, ‘

Example ]
1 1 1
a b C
b C a
C a b
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selects a condorcet winner when it exists



A voting rule is Condorcet consistent if it
selects a condorcet winner when it exists

Proof. See previous example. B



A voting rule is Condorcet consistent if it
selects a condorcet winner when it exists

Proof. See previous example. B

The [weighted] tournament
graph of a preference profile has
a vertex for each candidate and
an edge from a to b if a beats b
in @ head-to-head contest. The
weight is the fraction of voters
preferring a to b.



Condorcet consistency and tournament graphs

A voting rule is Condorcet consistent if it
selects a condorcet winner when it exists

[ Proposition ]

The Borda count and IRV are not
Condorcet consistent.

Proof. See previous example. B

The [weighted] tournament
graph of a preference profile has
a vertex for each candidate and
an edge from ato b if a beats b
in @ head-to-head contest. The
weight is the fraction of voters
preferring a to b.

Example ]
1 1 1
a b C
b C a
C a b

/

\



Condorcet consistency and tournament graphs

A voting rule is Condorcet consistent if it Example]

selects a condorcet winner when it exists )

[ Proposition ]

a
The Borda count and IRV are not b
Condorcet consistent. C

1

b
C
a

o 9 o+

Proof. See previous example. B

graph of a preference profile has
a vertex for each candidate and
an edge from ato b if a beats b
in @ head-to-head contest. The
weight is the fraction of voters
preferring a to b.

A Condorcet winner is
a source in the
The [weighted] tournament tournament graph

/ N\
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a cycle in the
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Condorcet consistency and tournament graphs

A voting rule is Condorcet consistent if it Example]

selects a condorcet winner when it exists

[ Proposition ]

The Borda count and IRV are not
Condorcet consistent.

Proof. See previous example. B

The [weighted] tournament
graph of a preference profile has
a vertex for each candidate and
an edge from ato b if a beats b
in @ head-to-head contest. The
weight is the fraction of voters
preferring a to b.

1 1

o 9 o+

a b
b C
C a

A Condorcet winner is
a source in the
tournament graph

/ N\

b —>» C

A Condorcet cycle is
a cycle in the
tournament graph

Voting rule classification [Fishburn, 1977]:
(C1) Depends only on the tournament graph
(C2) Depends on the weighted tournament graph

(C3) All other rules



e Llull's rule / Copeland's rule (C1): Select the candidate with the largest out-degree
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e Schulze's rule (C2):
o Consider a new kind of pairwise comparison where a can beat b via a sequence like
"a beats c, c beats d, d beats b"
o The amount by which a beats b is the weight of the weakest link in the best path
o There always exists a candidate x that beats any other candidate y by more than y
beats x. That x is the winner.



Some Condorcet-consistent rules

e Llull's rule / Copeland's rule (C1): Select the candidate with the largest out-degree

e Schulze's rule (C2):
o Consider a new kind of pairwise comparison where a can beat b via a sequence like
"a beats ¢, c beats d, d beats b"
o The amount by which a beats b is the weight of the weakest link in the best path
o There always exists a candidate x that beats any other candidate y by more than y
beats x. That x is the winner.

e Tideman's alternative (C3):
o The Smith set is the "top cycle of the tournament graph” - a set of candidates that
beats every other candidate outside the set in a head-to-head contest
o Eliminate all candidates outside the Smith set
o Eliminate candidates as in IRV, stopping when there is a Condorcet winner



Some Condorcet-consistent rules

e Llull's rule / Copeland's rule (C1): Select the candidate with the largest out-degree

e Schulze's rule (C2):
o Consider a new kind of pairwise comparison where a can beat b via a sequence like
"a beats ¢, c beats d, d beats b"
o The amount by which a beats b is the weight of the weakest link in the best path
o There always exists a candidate x that beats any other candidate y by more than y
beats x. That x is the winner.

e Tideman's alternative (C3):
o The Smith set is the "top cycle of the tournament graph” - a set of candidates that
beats every other candidate outside the set in a head-to-head contest
o Eliminate all candidates outside the Smith set
o Eliminate candidates as in IRV, stopping when there is a Condorcet winner

e Dodgson's rule (C3): Select the candidate minimizing the number of swaps to become
a Condorcet winner



