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Social Choice Theory

Studies methods for making societal decisions from agents with heterogeneous preferences

There are m alternatives

(AKA candidates), output is:

 ⏺ A single alternative

 ⏺ A set of k alternatives

 ⏺ A ranking of all alternatives

There are n voters

Each voter specifies:

 ⏺ A ranking over all alternatives

 ⏺ A subset of "approved" alternatives

 ⏺ Answers to specific queries

A social choice

function f (or voting

rule) assigns a

decision to each

possible input

preference profile

Most widely-studied setting: picking a single candidate from ranked-choice ballots:



An interesting preference profile

Example

m = 5 candidates, n = 100 voters, preferences as follows:

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a



An interesting preference profile

Respond at:

pollev.com/jtuckerfoltz255 or

bit.ly/jtfpoll or

text jtuckerfoltz255 to 37607

Example

m = 5 candidates, n = 100 voters, preferences as follows:

⏵ Which candidate should win? (No right answer!)

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255


Instant Runoff Voting (IRV)

AKA:

 ⏺ Elimination voting

 ⏺ Single Transferrable Vote (STV)

 ⏺ Ranked Choice Voting (RCV)



Instant Runoff Voting (IRV)

AKA:

 ⏺ Elimination voting

 ⏺ Single Transferrable Vote (STV)

 ⏺ Ranked Choice Voting (RCV)

Repeat until there is only one

candidate left:

(1) Let x be the candidate with

the fewest first-place votes

(2) Remove x from everyone's

ballot ("transferring" votes for

x to the next candidate)

The last candidate remaining wins.



Instant Runoff Voting (IRV)

AKA:

 ⏺ Elimination voting

 ⏺ Single Transferrable Vote (STV)

 ⏺ Ranked Choice Voting (RCV)

Repeat until there is only one

candidate left:

(1) Let x be the candidate with

the fewest first-place votes

(2) Remove x from everyone's

ballot ("transferring" votes for

x to the next candidate)

The last candidate remaining wins.

Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a



Instant Runoff Voting (IRV)

AKA:

 ⏺ Elimination voting

 ⏺ Single Transferrable Vote (STV)

 ⏺ Ranked Choice Voting (RCV)

Repeat until there is only one

candidate left:

(1) Let x be the candidate with

the fewest first-place votes

(2) Remove x from everyone's

ballot ("transferring" votes for

x to the next candidate)

The last candidate remaining wins.

Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

a: 33

b: 16

c: 11

d: 18

e: 22



Instant Runoff Voting (IRV)

AKA:

 ⏺ Elimination voting

 ⏺ Single Transferrable Vote (STV)

 ⏺ Ranked Choice Voting (RCV)

Repeat until there is only one

candidate left:

(1) Let x be the candidate with

the fewest first-place votes

(2) Remove x from everyone's

ballot ("transferring" votes for

x to the next candidate)

The last candidate remaining wins.

Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

a: 33

b: 16

c: 0

d: 21

e: 30



Instant Runoff Voting (IRV)

AKA:

 ⏺ Elimination voting

 ⏺ Single Transferrable Vote (STV)

 ⏺ Ranked Choice Voting (RCV)

Repeat until there is only one
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(1) Let x be the candidate with

the fewest first-place votes

(2) Remove x from everyone's

ballot ("transferring" votes for
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The last candidate remaining wins.

Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

a: 33

b: 0

c: 0

d: 37

e: 30
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Instant Runoff Voting (IRV)

AKA:

 ⏺ Elimination voting

 ⏺ Single Transferrable Vote (STV)

 ⏺ Ranked Choice Voting (RCV)

Repeat until there is only one

candidate left:

(1) Let x be the candidate with

the fewest first-place votes

(2) Remove x from everyone's

ballot ("transferring" votes for

x to the next candidate)

The last candidate remaining wins.

Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

a: 33

b: 0

c: 0

d: 67

e: 0

Note: We can stop

when some candidate

has a majority!

Winner



IRV use

Was or is currently used in:

 ⏺ Australia

 ⏺ Canada

 ⏺ Estonia

 ⏺ Hong Kong

 ⏺ Hungary

 ⏺ India

 ⏺ Ireland

 ⏺ Malta

 ⏺ New Zealand

 ⏺ United Kingdom

Credit: https://www.rcvresources.org/where-is-rcv-used/
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Case study: 2022 special election in Alaska

Peltola

74,817

38.86%
of total

39.66%
of valid votes

Palin

58,339

30.30%
of total

30.92%
of valid votes

Begich

52,536

27.29%
of total

27.84%
of valid votes

Peltola

91,266

47.40%
of total

51.48%
of active votes

Palin

86,026

44.68%
of total

48.52%
of active votes

Invalid/Inactive

3,876

2.01%
of total

Write-in

2,974

1.54%
of total

1.58%
of valid votes

+982

+634

+1,274

+84

+15,467

+27,053

+11,290 Invalid/Inactive

7.92%

15,250

50%

Active votes50%

Valid votes

Credit: https://en.wikipedia.org/wiki/2022_Alaska's_at-large_congressional_district_special_election
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(1) For each ballot, assign
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Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

a:  4×33 + 1×3 = 135

b:  4×16 + 3×33 + 2×(3 + 8 + 22) + 1×18 = 247

c:  4×11 + 3×22 + 2×(33 + 16 + 18) = 244

d:  4×18 + 3×(16 + 3) + 1×(33 + 8 + 22) = 192

e:  4×22 + 3×(8 + 18) + 1×16 = 182



Borda count

How it works:

(1) For each ballot, assign

m − j points to the candidate

ranked in position j

(2) Add scores across ballots

(3) Select the candidate with

the largest score

Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

a:  4×33 + 1×3 = 135

b:  4×16 + 3×33 + 2×(3 + 8 + 22) + 1×18 = 247

c:  4×11 + 3×22 + 2×(33 + 16 + 18) = 244

d:  4×18 + 3×(16 + 3) + 1×(33 + 8 + 22) = 192

e:  4×22 + 3×(8 + 18) + 1×16 = 182

Winner
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(1733-1799)

Marquis de Condorcet

(1743-1794)
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(1743-1794)

b should win

c should win
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A Condorcet winner is an

alternative that beats every

other alternative in a head-to-

head contest.

Example

Num voters: 33 16 3 8 18 22

First choice: a b c c d e

b d d e e c

... c c b b c b

d e a d b d

Last choice: e a e a a a

c≻a:  16 + 3 + 8 + 18 + 22 = 67

c≻b:  3 + 8 + 18 + 22 = 51

c≻d:  33 + 3 + 8 + 22 = 66

c≻e:  33 +  16 + 3 + 8 = 60

✅  Candidate c has > 50/100 votes in any contest

Condorcet winners

⏵ Does a condorcet

winner always exist?



Condorcet's paradox



Condorcet's paradox

1 1 1

a b c

b c a

c a b

Example
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Condorcet consistency and tournament graphs

A voting rule is Condorcet consistent if it

selects a condorcet winner when it exists

The Borda count and IRV are not

Condorcet consistent.

Proposition

Proof. See previous example. ◼

The [weighted] tournament

graph of a preference profile has

a vertex for each candidate and

an edge from a to b if a beats b

in a head-to-head contest. The

weight is the fraction of voters

preferring a to b.

1 1 1

a b c

b c a

c a b

Example

a

b c

A Condorcet cycle is

a cycle in the

tournament graph

Voting rule classification [Fishburn, 1977]:

(C1) Depends only on the tournament graph

(C2) Depends on the weighted tournament graph

(C3) All other rules

A Condorcet winner is

a source in the

tournament graph
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Schulze's rule (C2):

Consider a new kind of pairwise comparison where a can beat b via a sequence like

"a beats c, c beats d, d beats b"

The amount by which a beats b is the weight of the weakest link in the best path

There always exists a candidate x that beats any other candidate y by more than y

beats x. That x is the winner.
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The amount by which a beats b is the weight of the weakest link in the best path

There always exists a candidate x that beats any other candidate y by more than y

beats x. That x is the winner.

Tideman's alternative (C3):

The Smith set is the "top cycle of the tournament graph" - a set of candidates that

beats every other candidate outside the set in a head-to-head contest

Eliminate all candidates outside the Smith set

Eliminate candidates as in IRV, stopping when there is a Condorcet winner



Some Condorcet-consistent rules

Llull's rule / Copeland's rule (C1): Select the candidate with the largest out-degree

Schulze's rule (C2):

Consider a new kind of pairwise comparison where a can beat b via a sequence like

"a beats c, c beats d, d beats b"

The amount by which a beats b is the weight of the weakest link in the best path

There always exists a candidate x that beats any other candidate y by more than y

beats x. That x is the winner.

Tideman's alternative (C3):

The Smith set is the "top cycle of the tournament graph" - a set of candidates that

beats every other candidate outside the set in a head-to-head contest

Eliminate all candidates outside the Smith set

Eliminate candidates as in IRV, stopping when there is a Condorcet winner

Dodgson's rule (C3): Select the candidate minimizing the number of swaps to become

a Condorcet winner


