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Recall, the 2022 special election in Alaska

Peltola

74,817

38.86%
of total

39.66%
of valid votes

Palin

58,339

30.30%
of total

30.92%
of valid votes

Begich

52,536

27.29%
of total

27.84%
of valid votes

Peltola

91,266

47.40%
of total

51.48%
of active votes

Palin

86,026

44.68%
of total

48.52%
of active votes

Invalid/Inactive

3,876

2.01%
of total

Write-in

2,974

1.54%
of total

1.58%
of valid votes

+982

+634

+1,274

+84

+15,467

+27,053

+11,290 Invalid/Inactive

7.92%

15,250

50%

Active votes50%

Valid votes

Credit: https://en.wikipedia.org/wiki/2022_Alaska's_at-large_congressional_district_special_election



Is strategyproof voting possible?

When there are at least 3 alternatives, there is no social choice function satisfying the

following three axioms:

Onto - Every alternative can win.

Strategyproofness - No voter can ever benefit from misreporting their preferences.

Non-dictatorship - More than one voter's preferences are taken into acount.

Theorem (Gibbard-Satterthwaite)
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Is strategyproof voting possible?

When there are at least 3 alternatives, there is no social choice function satisfying the

following three axioms:

Onto - Every alternative can win.

Strategyproofness - No voter can ever benefit from misreporting their preferences.

Non-dictatorship - More than one voter's preferences are taken into acount.

Theorem (Gibbard-Satterthwaite)

Limitations:

1. This definition of strategyproofness is very strong: truthtelling must be a dominant

strategy.

2. Even if strategic manipulation is possible, it may not be straightforward for voters to

discover.

3. The theorem only applies to deterministic rules.
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Randomized strategyproof rules?

Example 1

Pick a random voter's top choice.

Example 2

Pick a random pair of alternatives and

select the one with more votes in a

head-to-head contest.
This is called random dictatorship.

Any randomized strategyproof voting rule is a lottery over deterministic rules, each of

which depends on either:

at most one voter, or

at most two alternatives.

Theorem (Gibbard, 1977)

Strategyproofness + ex post Pareto

Efficiency = random dictatorship.

Corollary 1

Strategyproofness + ex ante Pareto

Efficiency = deterministic dictatorship.

Corollary 2



Strategic voting can be hard

Example

46 44 42 40 44 11 8 11 8 20 20
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Strategic voting can be hard

Respond at:

pollev.com/jtuckerfoltz255 or

bit.ly/jtfpoll or

text jtuckerfoltz255 to 37607

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV?

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ?

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255


Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ?
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Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

z:46

y:44

w:42

c1:40

c2:44

a:19

ā:19

b:20

ƃ:20
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ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

z:46

y:44

w:42

c1:40

c2:44

a:19

ā:19

b:20

ƃ:20

Symmetry

between:

a

ƃ

c1

ā

b

c2
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Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

z:46

y:44

w:42

c1:40

c2:44

a:20

ā:19

b:20

ƃ:20

Symmetry

between:

a

ƃ

c1

ā

b

c2

WLOG, assume

that you rank

a first.
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Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

z:46

y:44

w:42

c1:40

c2:44

a:31

ā:0

b:28

ƃ:20

Symmetry

between:

a

ƃ

c1

ā

b

c2

WLOG, assume

that you rank

a first.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:46

y:44

w:42

c1:40

c2:44

a:31

ā:0

b:48

ƃ:0

Symmetry

between:

a

ƃ

c1

ā

b

c2

WLOG, assume

that you rank

a first.



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68

y:44

w:42

c1:48

c2:44

a:0

ā:0

b:48

ƃ:0

Symmetry

between:

a

ƃ

c1

ā

b

c2

WLOG, assume

that you rank

a first.



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68
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w:42
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a:0

ā:0
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ƃ:0

Symmetry

between:

a

ƃ
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ā

b

c2

If ā had

instead been
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Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68

y:86

w:0

c1:48 40

c2:44 52

a:0

ā:0

b:48

ƃ:0

Symmetry

between:

a

ƃ

c1

ā

b

c2

If ā had

instead been

ranked first



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68

y:130

w:0

c1:48 40

c2:0 52

a:0

ā:0

b:48

ƃ:0

Symmetry

between:

a

ƃ

c1

ā

b

c2

If ā had

instead been

ranked first



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:124

y:170

w:0

c1:0 40

c2:0 52

a:0

ā:0

b:0

ƃ:0
If ā had

instead been

ranked first



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:124

y:170

w:0

c1:0 40

c2:0 52

a:0

ā:0

b:0

ƃ:0
If ā had

instead been

ranked first

Winner



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ a

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68

y:44

w:42

c1:48 40

c2:44 52

a:0

ā:0

b:48

ƃ:0
If ā had

instead been

ranked first



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ā

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68

y:44

w:42

c1:40

c2:52

a:0

ā:0

b:0

ƃ:48



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ā

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68

y:44

w:82

c1:0

c2:52

a:0

ā:0

b:0

ƃ:48



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ā

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:68

y:0

w:126

c1:0

c2:52

a:0

ā:0

b:0

ƃ:48



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ā

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:116

y:0

w:126

c1:0

c2:52

a:0

ā:0

b:0

ƃ:0



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ā

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:124

y:0

w:170

c1:0

c2:0

a:0

ā:0

b:0

ƃ:0



Strategic voting can be hard

Example

⏵ You are the last voter. Which candidate(s) can

you make win under IRV? Answer: y and w.

46 44 42 40 44 11 8 11 8 20 20 1

z y w c1 c2 a a ā ā b ƃ ā

y w y w w ā ƃ a b ƃ b ?

w z z y y z c1 z c2 z z ?

c1 c1 c1 z z y z y z y y ?

c2 c2 c2 c2 c1 w y w y w w ?

a a a a a c1 w c2 w c1 c1 ?

ā ā ā ā ā c2 c2 c1 c1 c2 c2 ?

b b b b b b ā ƃ a a ā ?

ƃ ƃ ƃ ƃ ƃ ƃ b b ƃ ā a ?

z:124

y:0

w:170

c1:0

c2:0

a:0

ā:0

b:0

ƃ:0

Winner



Polynomial time

46 44 42 40 44 11 8 11 8 20 20

z y w c1 c2 a a ā ā b ƃ

y w y w w ā ƃ a b ƃ b

w z z y y z c1 z c2 z z

c1 c1 c1 z z y z y z y y

c2 c2 c2 c2 c1 w y w y w w

a a a a a c1 w c2 w c1 c1
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Length n

f(n) steps

An algorithm runs in polynomial time if the number of steps f(n) is bounded by some

polynomial function p(n). This definition remains the same even if you change:

The computational model

The definition of n (e.g., we can take n to be the number of voters + the number of

candidates, or the size of the table of preferences (writing out duplicate columns))
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The boolean satisfiability problem (or SAT for short) is the problem of determining

whether a given boolean formula is satisfiable. For example,

requires that

at least one of x1 and x2 is TRUE and the other is FALSE, and

at least one of x2 and x3 is TRUE and the other is FALSE

so we can satisfy the formula by setting

The special case of SAT where the formula is a conjunction of clauses, each with 3

literals, each clause is all positive or all negative, and each literal appears exactly twice,

is called Monotone 3-SAT-(2, 2).
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IRV Possible Winner

Clique

Vertex Cover

Hamiltonian Cycle

Integer Programming
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Max CutTravelling Salesman

Reduction

Cook-Levin

Theorem

Either all of these problems have a polynomial-time algorithm, or none of them do.

Theorem
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Limitations

(1) This relies on a conjecture... but P ≠ NP is so widely-believed that it's OK.

(2) NP-hardness is only about worst-case analysis. It's only necessarily hard if "typical

instances" look like the ones produced in the reduction.

(3) If the number of candidates is treated as a constant, there is a polynomial-time

algorithm.

(4) It's unclear how uncertainty about other voters' preferences might change the

complexity of the problem.

For any polynomial-time computable voting rule, there is a polynomial-time algorithm

that finds all possible manipulations for a group of manipulators on all instances that

are "weakly monotone" and only have 2 possible candidates that can win.

Theorem (Conitzer and Sandholm, 2006)

"Weakly monotone" means if the manipulators rank a first and b last yet b still wins,

then there's no way that they can make a win.


