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The Median Voter Theorem in practice

Image credit:

Wikipedia

The median

voter!

"... the Liberal Free Democrats (FDP)

had just 5% of the vote, barely

scraping into the local parliament...

But on Wednesday, in the secret vote

to pick the leader of the government,

Mr Kemmerich of the FDP beat Die

Linke's leader Bodo Ramelow by 45

votes to 44 - thanks to votes from the

AfD."  - BBC News

https://en.wikipedia.org/wiki/2020_Thuringian_government_crisis
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Any deterministic voting rule has

metric distortion ≥3, and any

randomized rule has distortion ≥2.

Theorem
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Plurality, Borda, IRV all have unbounded distortion!

Copeland's Rule: Select the candidate that would defeat the greatest number of other

candidates in a head-to-head contest.

Copeland's Rule has metric distortion at most 9.

Theorem

Proof. This follows from the following two claims:

1. Let a be the Copeland winner. For any other

candidate c, either a majority prefers a to c or

there exists a candidate b such that a majority

prefers a to b and a majority prefers b to c.

2. If a majority prefers a to b, then the sum of

distances to a is at most 3 times the sum of

distances to b.

Proof of 1 by contradiction:

a

b1 b2 bk...

c

Then c should have been the

Copeland winner, not a!
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Copeland's Rule (proof continued)

WTS: If a majority prefers a to b, then the

sum of distances to a is at most 3 times the

sum of distances to b. a b

n/2 n/20 1

Rearranging:

◼

Copeland's Rule has metric distortion
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Copeland's Rule (proof continued)

WTS: If a majority prefers a to b, then the

sum of distances to a is at most 3 times the

sum of distances to b. a b

n/2 n/20 1

Rearranging:

◼

Copeland's Rule has metric distortion

exactly 5.

Theorem (Anshelevich,

Bhardwaj, Elkind,

Postl, Skowron, 2018)
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Plurality Veto: (1) Initialize the score of each candidate to its plurality score.

(2) In arbitrary order, each voter "vetos" its least-preferred candidate, decrementing its

score by one. The last candidate to be vetoed wins.

Plurality Veto achieves (the

optimal) metric distortion of 3.

Theorem (Kizilkaya,

Kempe, 2022)

Proof. Let a be the Plurality Veto

winner and let b be any other

candidate. Let ci be the top choice

candidate of voter i, and let vi be

the candidate that voter i vetoed.
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Optimal randomized distortion

Open Question: What is the optimal distortion of any randomized voting rule?

Distortion Lower bound Upper bound

Deterministic 3 3

Randomized 2.112 2.753

Main ingredient of proof is the following game between Alice and Bob. Both players look

at all of the votes cast, and simultaneously choose a candidate. Then a random voter

arrives. Whoever's candidate that voter prefers wins the game.

Maximal Lotteries: A randomized voting rule, where the probability that candidate a is

selected is the probability that Alice picks a at equilibrium.

This also has distortion 3, but can be brought down to distortion 2.753 by mixing with

other rules.


