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g1 g2 g3 g4 g5 g6

Agent 1 3 3 3 10 2 1

Agent 2 1 5 6 9 2 1

Agent 3 1 7 6 9 2 1

Agents take turns picking their favorite item remaining.

Round Robin

computes an EF1

allocation.

Proposition

Proof. Consider an arbitrary pair of agents, i < j.

Observe that i does not envy j because i's k
th

 good is worth more to i than j's k
th

 good.

And j does not envy i after removing the first good i picked, because j's k
th

 good is

worth more to j than i's (k + 1)
th

 good. ◼
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Let G be the envy graph on the set of agents, where i → j whenever i envies j;

If G has a source vertex i:

Give i the next (arbitrarily selected) item;

Else:

Then G must have a cycle, so shift bundles around some cycle;

The Envy Cycle Elimination algorithm computes an EF1 allocation even for arbitrary

monotone valuation functions.

Theorem (Lipton, Markakis, Mossel, Saberi, 2004)

Proof. The following claim holds inductively:
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allocation?
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Before beginning ECE, every agent values their own bundle at least  times as much as

any unallocated good.

Lemma 2

Proof. For an agent in , this follows because they chose to steal a good worth  times

as much as any unallocated goods.

For an agent not in , observe that both of their goods are preferred to any unallocated

goods. Thus, they value their own bundle higher by a factor of at least . ◼

Proof of Theorem. We now claim that Lemmas 1 and 2 continue to hold after every

iteration of ECE. For Lemma 2, this is obvious, since utilities are increasing throughout

ECE.
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Proof of ( )-EFX, part 3

Suppose A is a ( )-EFX partial allocation, then we perform an iteration of ECE to

obtain a new partial allocation A'. There are two cases:

Case 1: An envy cycle gets rotated.

This doesn't make anyone newly envious by the same reason as in the ECE EF1 proof.

Case 2: A new good  gets allocated to some agent .

Then  is the only new agent we have to worry about other players envying. Consider an

arbitrary other agent .

So here we actually get ( )-EF, which implies ( )-EFX. ◼
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Algorithm 5: MNW and ECE hybrid

Step 1: Compute the partial allocation maximizing Nash welfare (product of utilities)

with respect to the following utility functions:

Step 2: Complete with ECE.

The same proof approach shows that this procedure also finds a ( )-EFX allocation!

If the conclusions of Lemmas 1 and 2 do not hold, then you can increase Nash welfare.


