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Lecture 19: Randomized Apportionment and Weighted Voting



Project updates due tonight! I will start reading them early tomorrow morning.



Project updates due tonight! I will start reading them early tomorrow morning.

Wednesday will be individual meetings with students/groups in my office again, no class.
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1. One party may receive a larger vote share (i.e., have a higher standard quota) but
fewer seats than another party.
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1. One party may receive a larger vote share (i.e., have a higher standard quota) but
fewer seats than another party.
> When lower quotas are all the same, this is inevitable. When they're different,
we can find the optimal apportionment in polynomial time.
2. If the house size increases and we re-randomize, a party may lose a seat.
> Actually, it's possible to compute a single lottery over rules that are each
house-monotone ex-post.
3. Correlations may cause non-monotonicities between joint probabilities of coalition
members being rounded up.
> An old method called Sampford rounding satisfies a weak monotonicity axiom,
with impossibilities and conjectures for stronger variants.
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Setup:

e 1 parties with standard quotas q1,q2,...,q, € Rzo
e« House size H =", q; € Z>
e Residues 7; := (¢; — |¢i]) summing to k:=>_" 17 € Z>g

Two kinds of apportionment rules, where the latter is a subclass of the former:

General ‘Note: Today, upper/lower\
(91,92,--.,qn) — (T1,X2,...,Ty) quotas and ex ante
proportionality are non-

Knegotiable axioms!

"Oblivious"
(QI7QZ7°°'7Qn) — (Tl,Tg,...,Tn) — (X17X27°'°7Xn) — (mlax%"'amn)

Quotas Residues Indicators in {0,1},  Apportionment
"Round up?”



The envy of an apportionment (z1, T, ..., Z,) is the number of pairs (¢, ) € [n]? such
that g¢; > g;and x; < x;.

lExampIe ]

Suppose there are n = 2 states, with H = 15 and quotas (7.4, 7.6). What is the
expected envy under Grimmett's method?




The envy of an apportionment (z1, T, ..., Z,) is the number of pairs (¢, ) € [n]? such
that g¢; > g;and x; < x;.

lExampIe ]
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The envy of an apportionment (z1, T, ..., Z,) is the number of pairs (¢, ) € [n]? such
that g¢; > g;and x; < x;.

[Example ]

Suppose there are n = 2 states, with H = 15 and quotas (7.4, 7.6). What is the
expected envy under Grimmett's method?

Answer: 0.4 under any ex ante proportional rule (only one rule when k € {1,n — 1}).
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Suppose there are n = 4 states, with H = 10 and quotas (1.4, 1.8, 3.2, 3.6). Is there
an envy-free apportionment?

Party 1 quota: 1.4 P
Party 2 quota: 1.8

Party 3 quota: 3.2
Party 4 quota: 3.6




When lower quotas are different

‘ Example]

Suppose there are n = 4 states, with H = 10 and quotas (1.4, 1.8, 3.2, 3.6). Is there
an envy-free apportionment?

Party 1 quota:
Party 2 quota:
Party 3 quota:
Party 4 quota:

1.4
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Experiments with uniformly random populations

Experiment (B): Probability zero-envy solution exists

Number of parties n

1 37 77 117 157
House size H

197

1.0

- 0.8

0.0

Probability
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Find values 7y, o, ..., T, and then select each set S of size k with probability Hies ;.

Fun facts:

e There always exist w1, mo, ..., T, satisfying the proporitonality constraints

e In fact, the values are uniquely determined by r{,79,...,7,

e The distribution maximizes the entropy over all proportional distribuitons on sets of
size k

For n = 6, kK = 3, Mathematica told me that selection monotonicity holds if the following
polynomial is always positive...



p0*4 p174 p272 p322 + 2 p0”4 p113 p273 p3~2 + 2 p0”3 p1°4 p243 p32 + p0*4 p112 p2~4 p372 + 2 p0”3 p143 p274 p3~2 + p0”2 p174 p2°4 p372 + p0*4 p113 p2~2 p373 + p0”3 p1°4 p2/2 p3~3 + p0t4 p172 p223 p3.3 + 3 p0*3 p113 p2~3 p3*3 + p0*2 p1°4 p2/3 p3~3 + p0”3 p172 p2*4 p3.3 + p0*2 p113 p274 p3~3 + 2
p0*4 p174 p272 p3 p4 + 4 p0™4 p1~3 p223 p3 p4 + 4 p0*3 p1”4 p2.3 p3 p4 + 2 p0”4 p172 p274 p3 p4 + 4 p0*3 p1°3 p2°4 p3 p4 + 2 p02 p174 p2*4 p3 p4 + p0™4 p1°4 p2 p3°2 p4 + 4 p0™4 p113 p272 p3~2 p4 + 5 p0*3 p1°4 p272 p372 p4 + 4 p0*4 p112 p2~3 p372 p4 + 11 p0”3 p143 p2~3 p3~2 p4 + 6 p0*2 p1°4 p2~3 p3+2
p4 + p0*4 p1 p2”4 p372 p4 + 5 p0*3 p112 p274 p3"2 p4 + 6 p0"2 p173 p2”4 p3*2 p4 + 2 p0 p174 p2”4 p3*2 p4 + p0”4 p173 p2 p3”3 p4 + p0*3 p1°4 p2 p373 p4 + 2 p0*4 p112 p272 p3.3 p4 + 5 p0”3 p173 p2”2 p373 p4 + 3 p0*2 p1°4 p272 p3”3 p4 + p0*4 p1 p2°3 p373 p4 + 5 p0*3 p112 p273 p3”3 p4 + 7 p0"2 p173 p2"3
p373 p4 + 2 p0 p1°4 p2/3 p33 p4 + p0”3 p1 p2*4 p3~3 p4 + 3 p0~2 p142 p274 p3~3 p4 + 2 p0 p113 p274 p3~3 p4 + p0*4 p174 p272 p4*2 + 2 p0™4 p113 p2/3 pd 2 + 2 p0r3 p1°4 p2A3 p4”2 + p0”r4 p112 p2~4 p4*2 + 2 p0”3 p113 p274 pdr2 + p0r2 p1°4 p2°h4 p4r2 + p0”r4 p174 p2 p3 p4r2 + 4 p0™4 p1~3 p2A2 p3 p4*2 + 5

p0~3 p174 p272 p3 p4”2 + 4 p0*4 p172 p2~3 p3 p4*2 + 11 p0*3 p113 p2~3 p3 p4”2 + 6 p0*2 p174 p273 p3 p4”2 + p0*4 p1 p2”4 p3 p4 2 + 5 p03 p172 p2”4 p3 pd 2 + 6 p0"2 p173 p2”4 p3 p4*2 + 2 p0 p1°4 p2°4 p3 p4*2 + 2 p0”4 p113 p2 p372 p4”2 + p0”3 p1°4 p2 p372 p4”2 + 4 p0*4 p112 p272 p372 p4”2 + 13 p0”3

p143 p2/2 p372 p4*2 + 5 p0"2 p1°4 p2/2 p372 p4*2 + 2 p0™4 p1 p273 p372 p4*2 + 13 p0”3 p172 p2~3 p312 p4”2 + 18 p0*2 p113 p2/3 p372 p4*2 + 5 p0 p1°4 p23 p3~2 p4*2 + p0”3 p1 p274 p372 p4"2 + 5 p0”2 p142 p274 p3~2 p4*2 + 5 p0 p113 p274 p372 p4"2 + p174 p2h4 p372 p4r2 + 2 p0™4 p172 p2 p3~3 p4*2 + 2

p0A3 p113 p2 p323 p4”2 + p0”2 p174 p2 p3.3 p4”2 + 2 p0*4 p1 p2°2 p313 p4*2 + 6 p0"3 p172 p2A2 p313 p4 2 + 6 p0”2 p1~3 p2°2 p313 p4r2 + 2 p0 p1°4 p2/2 p33 p4*2 + 2 p0*3 p1 p23 p3+3 p4*2 + 6 p0~2 p142 p23 p3+3 p4*2 + 5 p0 p143 p2~3 p373 p4*2 + p1°4 p2A3 p33 p4*2 + p02 p1 p2~4 p373 p4*2 + 2 p0
p142 p2°4 p373 p4*2 + p173 p2*4 p313 p42 + p0r4 p173 p2~2 p4A3 + p0*3 p174 p272 p4*3 + p0™4 p172 p2A3 p4”3 + 3 p0”3 p113 p2~3 p4”3 + p0”2 p1°4 p2~3 p4r3 + p0r3 p112 p2°r4 p4Ar3 + p0”2 p1A3 p2°4 p4*3 + p0™4 p143 p2 p3 p4”3 + p0*3 p174 p2 p3 p4~3 + 2 p0t4 p172 p2A2 p3 p4*3 + 5 p03 p173 p242 p3 p4"3 +

3 p0”2 p174 p242 p3 p4*3 + p0™4 p1 p2/3 p3 p4*3 + 5 p0”3 p142 p2/3 p3 p4”3 + 7 p0*2 p113 p273 p3 p4”3 + 2 p0 p174 p2~3 p3 p4~3 + p0”3 p1 p2*4 p3 p4*3 + 3 p02 p172 p2°4 p3 p4*3 + 2 p0 p143 p2°4 p3 p4*3 + 2 p0™4 p172 p2 p372 p4”3 + 2 p0*3 p173 p2 p312 p4”3 + p0”2 p174 p2 p3”2 p4”3 + 2 p0”r4 p1 p272 p312

p4*3 + 6 p0"3 p142 p2/2 p372 p4*3 + 6 p0*2 p113 p2/2 p3~2 p4*3 + 2 p0 p1°4 p272 p372 p4*3 + 2 p0*3 p1 p2~3 p372 p4”3 + 6 p0*2 p112 p273 p372 p4”3 + 5 p0 p173 p273 p312 p4A3 + p1°4 p2A3 p372 p4*3 + p0”2 p1 p274 p372 p4”3 + 2 p0 p112 p2~4 p3”2 p4”3 + p143 p274 p3~2 p4*3 + 2 p0*3 p142 p2 p3~3 p4r3 +
p022 p113 p2 p323 p4~3 + 2 p0”3 p1 p2”2 p3.3 p4”3 + 4 p0”2 p172 p2A2 p3.3 p4*3 + 2 p0 p173 p2/2 p33 p4*3 + p0”2 p1 p2°3 p3A3 p4*3 + 2 p0 p142 p2/3 p3~3 p4*3 + p173 p2~3 p3.3 p4~3 + 2 p0™4 p174 p222 p3 p5 + 4 p0™4 p1~3 p2-3 p3 p5 + 4 p0”3 p1°4 p2/3 p3 p5 + 2 p0*4 p12 p2*4 p3 p5 + 4 p0”3 p113 p2*4 p3
p5 + 2 p0"2 p174 p2”4 p3 p5 + p0*4 p1°4 p2 p372 p5 + 5 p0*4 p1°3 p272 p372 p5 + 6 p0"3 p174 p2"2 p3*2 p5 + 5 p0*4 p112 p2~3 p3”2 p5 + 14 p0*3 p113 p273 p372 p5 + 7 p0”2 p174 p2”3 p3*2 p5 + p0™4 p1 p274 p372 p5 + 6 p0"3 p172 p2°4 p372 p5 + 7 p0*2 p1°3 p274 p3”2 p5 + 2 p0 p1°4 p274 p3”2 p5 + p0*4 p1°3

p2 p3*3 p5 + p0”3 p174 p2 p3.3 p5 + p0*4 p142 p272 p3.3 p5 + 5 p0”3 p173 p2/2 p373 p5 + 2 p0*2 p1°4 p272 p3”3 p5 + p0*4 p1 p2”3 p3*3 p5 + 5 p0*3 p112 p2~3 p3”3 p5 + 7 p0”2 p173 p2”3 p313 p5 + 2 p0 p174 p2”3 p3+3 p5 + p0”3 p1 p274 p3”3 p5 + 2 p0”2 p172 p2”4 p373 p5 + 2 p0 p173 p2”4 p3~3 p5 + 2 p0”*4
p174 p2°2 p4 p5 + 4 p0*4 p173 p2.3 p4 p5 + 4 p0"3 p174 p2.3 p4 p5 + 2 p0*4 p172 p2°*4 p4 p5 + 4 p0”3 p173 p2r4 p4 p5 + 2 p0”2 p1°4 p274 p4 p5 + 3 p0*4 p174 p2 p3 p4 p5 + 11 p0™4 p113 p272 p3 p4 p5 + 14 p0*3 p1°4 p272 p3 p4 p5 + 11 p0*4 p142 p2~3 p3 p4 p5 + 30 p0*3 p1°3 p2~3 p3 p4 p5 + 17 p0*2 p1°4 p2/3

p3 p4 p5 + 3 p0*4 p1 p2”4 p3 p4 p5 + 14 p0*3 p142 p274 p3 p4 p5 + 17 p0*2 p113 p274 p3 p4 p5 + 6 p0 p174 p2*4 p3 p4 p5 + 5 p0*4 p173 p2 p3*2 p4 p5 + 5 p0*3 p1°4 p2 p3*2 p4 p5 + 13 p0*4 p172 p272 p3”2 p4 p5 + 31 p0*3 p113 p272 p3”2 p4 p5 + 17 p0*2 p1°r4 p272 p3”2 p4 p5 + 5 p0*4 p1 p2”3 p32 p4 p5 + 31

p0~3 p142 p2~3 p3”2 p4 p5 + 39 p0”2 p113 p2”3 p3°2 p4 p5 + 11 p0 p174 p2”3 p372 p4 p5 + 5 p0*3 p1 p2*4 p372 p4 p5 + 17 p0*2 p172 p2~4 p3”2 p4 p5 + 11 p0 p173 p2*4 p3”2 p4 p5 + 2 p1°4 p274 p3”2 p4 p5 + 2 p0™4 p172 p2 p3”3 p4 p5 + 4 p0*3 p173 p2 p3.3 p4 p5 + 2 p0”*2 p174 p2 p3.3 p4 p5 + 2 p0*4 p1 p2~2
p373 p4 p5 + 16 p0*3 p112 p272 p3”3 p4 p5 + 17 p0*2 p113 p272 p3.3 p4 p5 + 5 p0 p174 p2”2 p3.3 p4 p5 + 4 p0”3 p1 p2”3 p3*3 p4 p5 + 17 p0*2 p172 p2/3 p3*3 p4 p5 + 10 p0 p173 p2"3 p313 p4 p5 + 2 p174 p2"3 p373 p4 p5 + 2 p0*2 p1 p274 p3”3 p4 p5 + 5 p0 p112 p2*4 p3*3 p4 p5 + 2 p1"3 p2°4 p3”3 p4 p5 + p0*4
p174 p2 p4”2 p5 + 5 p0*4 p173 p22 p4"2 p5 + 6 p0”3 p1°24 p272 p4”2 p5 + 5 p0”4 p172 p2.3 p4~2 p5 + 14 p0”3 p173 p2/3 p4"2 p5 + 7 p0”2 p1°4 p2~3 p4”2 p5 + p0™4 p1 p2r4 p4r2 p5 + 6 p0”3 p112 p274 p4”2 p5 + 7 p0”2 p173 p2r4 p4r2 p5 + 2 p0 p174 p2°r4 p4r2 p5 + 5 p0*4 p143 p2 p3 p4*2 p5 + 5 p0”3 p174 p2 p3

p4’2 p5 + 13 p0*4 p172 p2/2 p3 p4"2 p5 + 31 p0*3 p113 p272 p3 p4"2 p5 + 17 p0*2 p1°4 p272 p3 p4”2 p5 + 5 p0”*4 p1 p2”3 p3 p4”2 p5 + 31 p0”3 p172 p2”3 p3 p4*2 p5 + 39 p0”2 p173 p2/3 p3 p4"2 p5 + 11 p0 p1°4 p2/3 p3 p4"2 p5 + 5 p0”3 p1 p274 p3 p4"2 p5 + 17 p0*2 p1°2 p274 p3 p4”2 p5 + 11 p0 p113 p2°4 p3
p4”2 p5 + 2 p174 p2°4 p3 p4r2 p5 + 6 p0™4 p142 p2 p3”2 p4”2 p5 + 16 p0”3 p1/3 p2 p3”2 p4*2 p5 + 7 p0*2 p1°4 p2 p3*2 p4"2 p5 + 6 p0™4 p1 p272 p312 p4~2 p5 + 32 p0”3 p172 p2/2 p372 p4”2 p5 + 39 p0”2 p113 p2"2 p32 p4"2 p5 + 12 p0 p174 p2”2 p3*2 p4"2 p5 + 16 p0*3 p1 p2/3 p372 p4”2 p5 + 39 p0”2 p112 p2~3
p372 p4”2 p5 + 30 p0 p173 p23 p3”2 p4”2 p5 + 3 p174 p2”3 p312 p4"2 p5 + 7 p0”2 p1 p274 p3”2 p4*2 p5 + 12 p0 p112 p274 p312 p4~2 p5 + 3 p173 p2°4 p3~2 p4"2 p5 + 2 p0™4 p1 p2 p3”3 p4”2 p5 + 6 p0”3 p172 p2 p3.3 p4"2 p5 + 7 p0”2 p113 p2 p3*3 p4”2 p5 + 2 p0 p174 p2 p3”3 p4 2 p5 + 6 p0”*3 p1 p2/2 p3*3 p4r2

p5 + 17 p0*2 p142 p272 p3.3 p4~2 p5 + 11 p0 p173 p2°2 p3*3 p4”2 p5 + 2 p1°4 p272 p3.3 p4*2 p5 + 7 p0*2 p1 p2-3 p3*3 p4”2 p5 + 11 p0 p112 p273 p313 p4*2 p5 + 3 p173 p2°3 p3*3 p4"2 p5 + 2 p0 p1 p2*4 p3”3 p4”2 p5 + 2 p112 p274 p313 p4*2 p5 + p0”*4 p173 p2 p4”3 p5 + p0”3 p1°4 p2 p4*3 p5 + p0r4 p172 p2/r2

p4”3 p5 + 5 p0*3 p113 p272 p4"3 p5 + 2 p0”2 p174 p2"2 p4”3 p5 + p0™4 p1 p2~3 p4"3 p5 + 5 p0”3 p172 p2”3 p4”3 p5 + 7 p0*2 p113 p2~3 p4*3 p5 + 2 p0 p1°4 p273 p4*3 p5 + p0”3 p1 p2”4 p4”3 p5 + 2 p0*2 p112 p274 p4*3 p5 + 2 p0 p1°3 p274 p4"3 p5 + 2 p0™4 p172 p2 p3 p4”3 p5 + 4 p0”3 p173 p2 p3 p4"3 p5 + 2
p0”2 p174 p2 p3 p4"3 p5 + 2 p0™4 p1 p272 p3 p4”3 p5 + 16 p0”3 p112 p2”2 p3 p4”3 p5 + 17 p0”2 p173 p2"2 p3 p4*3 p5 + 5 p0 p174 p2/2 p3 p4*3 p5 + 4 p0”3 p1 p2°3 p3 p4*3 p5 + 17 p0*2 p1°2 p273 p3 p4"3 p5 + 10 p0 p1~3 p2/3 p3 p4"3 p5 + 2 p1°4 p2/3 p3 p4*3 p5 + 2 p0”2 p1 p2*4 p3 p4"3 p5 + 5 p0 p112 p274 p3
p4”3 p5 + 2 p173 p2”4 p3 p4”3 p5 + 2 p0*4 p1 p2 p312 p4*3 p5 + 6 p0*3 p112 p2 p3”2 p4”3 p5 + 7 p0*2 p173 p2 p3*2 p4*3 p5 + 2 p0 p1°4 p2 p3*2 p4"3 p5 + 6 p0”3 p1 p272 p372 p4*3 p5 + 17 p0”2 p172 p22 p372 p4”3 p5 + 11 p0 p113 p272 p312 p4*3 p5 + 2 p174 p2°2 p372 p4"3 p5 + 7 p0”2 p1 p273 p3”2 p4~3 p5 +

11 p0 p172 p2/3 p372 p4”3 p5 + 3 p113 p273 p312 p4"3 p5 + 2 p0 p1 p2”4 p372 p4*3 p5 + 2 p172 p2r4 p372 p4”3 p5 + 2 p0”3 p1 p2 p3”3 p4”3 p5 + 2 p0*2 p112 p2 p3*3 p4"3 p5 + 2 p0 p1°3 p2 p3*3 pd”3 p5 + 2 p0"2 p1 p272 p3.3 p4”3 p5 + 4 p0 p172 p22 p3”3 p4”3 p5 + 2 p113 p272 p313 p4*3 p5 + 2 p0 p1 p2~3 p3°3
p4*3 p5 + 2 p142 p23 p373 p4*3 p5 + p0r4 p174 p272 p5°2 + 2 p0*4 p113 p2~3 p5°2 + 2 p03 p174 p2A3 p5°2 + p0”r4 p112 p2~4 p5°2 + 2 p0*3 p113 p274 p5°2 + p0r2 p1°4 p2°4 p5°2 + p0”r4 p174 p2 p3 p5r2 + 6 p0”4 p1~3 p2A2 p3 p5°2 + 7 p0r3 p1°4 p2/2 p3 p5°2 + 6 p0™4 p142 p2/3 p3 p5*2 + 17 p0*3 p113 p2~3 p3
p542 + 8 p0”2 p1°4 p2/3 p3 p5°2 + p0™4 p1 p274 p3 p5°2 + 7 p0*3 p12 p2~4 p3 p5°2 + 8 p0”2 p173 p2”4 p3 p5*2 + 2 p0 p1~4 p2”4 p3 p5°2 + 3 p0™4 p173 p2 p372 p5°2 + 2 p0*3 p1”4 p2 p3~2 p5”2 + 5 p0™4 p142 p272 p3~2 p5°2 + 17 p0~3 p113 p272 p3”2 p5°2 + 6 p0”2 p174 p2A2 p3”2 p5°2 + 3 p0r4 p1 p2~3 p312
p542 + 17 p0*3 p112 p2~3 p3*2 p52 + 22 p0”2 p1~3 p243 p32 p5°2 + 6 p0 p1°4 p2/3 p372 p5°2 + 2 p0*3 p1 p274 p3~2 p5°2 + 6 p0”2 p142 p274 p3~2 p5°2 + 6 p0 p1°3 p274 p372 p5”2 + p1°4 p2°4 p372 p5°2 + p0r4 p172 p2 p3~3 p5+2 + 2 p0*3 p1~3 p2 p3~3 p5+2 + p0°4 p1 p272 p3~3 p5+2 + 7 p0*3 p172 p272 p3+3
p5°2 + 7 p0”2 p113 p272 p3*3 p5°2 + p0 p174 p272 p323 p52 + 2 p0*3 p1 p273 p3~3 p512 + 7 p0”2 p172 p2~3 p3~3 p5r2 + 5 p0 p173 p2~3 p3.3 p5°2 + p174 p273 p3~3 p572 + p0 p172 p2~4 p3*3 p52 + p143 p2°4 p3~3 p5°2 + p0*4 p1*4 p2 p4 p5°2 + 6 p0™4 p113 p272 p4 p512 + 7 p0*3 p174 p272 p4 p5°2 + 6 p0~r4
p172 p2°3 p4 p5°2 + 17 p0*3 p113 p23 p4 p5°2 + 8 p0”2 p174 p2”3 p4 p5*2 + p0™4 p1 p274 p4 p5°2 + 7 p0”3 p172 p2”4 p4 p5°2 + 8 p0”2 p173 p274 p4 p5°2 + 2 p0 p1°4 p2°4 p4 p5°2 + 7 p0™4 p143 p2 p3 p4 p5°2 + 7 p0”3 p174 p2 p3 p4 p52 + 18 p0™4 p142 p272 p3 p4 p5*2 + 39 p0”3 p113 p2”2 p3 p4 p5°2 + 22 p0”2
p174 p272 p3 p4 p5°2 + 7 p0™4 p1 p2/3 p3 p4 p5°2 + 39 p0*3 p112 p273 p3 p4 p5*2 + 47 p0”2 p113 p2"3 p3 p4 p5*2 + 13 p0 p1°4 p273 p3 p4 p5*2 + 7 p0”3 p1 p2*4 p3 p4 p5*2 + 22 p0*2 p172 p2”4 p3 p4 p5°2 + 13 p0 p113 p2”4 p3 p4 p5*2 + 2 p174 p2”4 p3 p4 p5°2 + 6 p0*4 p172 p2 p3*2 p4 p5°2 + 17 p0*3 p113 p2
p372 p4 p5°2 + 7 p0*2 p1*4 p2 p3~2 p4 p5°2 + 6 p0”*4 p1 p2”2 p312 p4 p5°2 + 39 p0”3 p112 p272 p372 p4 p5°2 + 46 p0*2 p113 p272 p3*2 p4 p5°2 + 12 p0 p174 p272 p3”2 p4 p5°2 + 17 p0”3 p1 p2~3 p372 p4 p5°2 + 46 p0*2 p142 p23 p372 p4 p5°2 + 31 p0 p113 p2/3 p372 p4 p5°2 + 3 p1°4 p273 p3~2 p4 p5°2 + 7 p0”2
p1 p2°4 p372 p4 p5°2 + 12 p0 p172 p2°*4 p372 p4 p5°2 + 3 p1°3 p274 p3"2 p4 p5*2 + p0™4 p1 p2 p3”3 p4 p5*2 + 7 p0”3 p172 p2 p3.3 p4 p5°2 + 8 p0”2 p113 p2 p3”3 p4 p5*2 + p0 p1°4 p2 p313 p4 p5°2 + 7 p0”3 p1 p272 p3”3 p4 p5°2 + 20 p0”2 p172 p2/2 p3*3 p4 p572 + 12 p0 p173 p2°2 p3"3 p4 p5*2 + 2 p1°r4 p2~2
p3*3 p4 p5°2 + 8 p02 p1 p2/3 p33 p4 p52 + 12 p0 p112 p2.3 p33 p4 p512 + 3 p113 p2/3 p3+3 p4 p5°2 + p0 p1 p2*4 p3.3 p4 p5”2 + 2 p172 p2”4 p313 p4 p5°2 + 3 p0™4 p113 p2 p4"2 p5°2 + 2 p0*3 p174 p2 p4*2 p5°2 + 5 pOr4 p172 p2A2 p4”2 p5r2 + 17 p0*3 p113 p2/2 p4r2 p5°2 + 6 p0*2 p1°4 p2/2 p4 2 p5°2 + 3
p0*4 p1 p273 p4*2 p5°2 + 17 p0r3 p172 p2A3 p42 p5°2 + 22 p0*2 p113 p273 p4"2 p512 + 6 p0 p174 p2~3 p4”2 p5°2 + 2 p0”3 p1 p2°4 p4*2 p5r2 + 6 p0”2 p172 p2”4 p4”2 p5r2 + 6 p0 p1~3 p2”4 p4”2 p5r2 + p174 p2~4 p4r2 p572 + 6 p0*4 p172 p2 p3 p4r2 p5°2 + 17 p0”3 p113 p2 p3 p4”2 p5°2 + 7 p0*2 p1*4 p2 p3 p4*2
p5*2 + 6 p0”4 p1 p272 p3 p4"2 p5*2 + 39 p0*3 p142 p2/2 p3 p4"2 p5°2 + 46 p0*2 p173 p2°2 p3 p4*2 p512 + 12 p0 p174 p2A2 p3 p4*2 p5°2 + 17 p0”3 p1 p2-3 p3 p4 2 p5”2 + 46 p0”2 p172 p2~3 p3 p4”2 p5°2 + 31 p0 p113 p273 p3 p4”2 p5°2 + 3 p174 p2~3 p3 p4*2 p5°2 + 7 p0*2 p1 p2°4 p3 p4*2 p5r2 + 12 p0 p142
p2*4 p3 p4r2 p5°2 + 3 p173 p2°4 p3 p4r2 p5h2 + 4 p0*4 p1 p2 p3”2 p4”2 p5r2 + 17 p0”3 p142 p2 p3~2 p4”2 p5°2 + 20 p0~2 p143 p2 p372 p4*2 p5°2 + 7 p0 p174 p2 p32 p4 2 p5°2 + 17 p0”3 p1 p272 p372 p42 p5°2 + 45 p0”2 p112 p272 p372 p4”2 p5r2 + 29 p0 p113 p2/2 p3~2 p4*2 p5°2 + 3 p1°4 p2/2 p372 p4*2 p5i2

+ 20 p0*2 p1 p273 p372 p4”2 p5°2 + 29 p0 p112 p2+3 p372 p4”2 p5r2 + 12 p173 p213 p312 p4*2 p5”2 + 7 p0 p1 p274 p3~2 p4”2 p5r2 + 3 p112 p274 p372 p4”2 p5r2 + 2 p0”3 p1 p2 p313 pd*2 p5°2 + 6 p0”2 p142 p2 p3~3 p4”2 p5r2 + 6 p0 p173 p2 p3r3 pd*2 p5°2 + p1°4 p2 p3r3 p4*2 p572 + 6 p0”2 p1 p2~2 p373 p4r2
p542 + 11 p0 p142 p2/2 p313 p4*2 p5°2 + 3 p113 p2/2 p33 p4r2 p512 + 6 p0 p1 p2~3 p313 p4”2 p5°2 + 3 p12 p2~3 p3~3 p4”2 p5°2 + p1 p2”4 p3.3 p42 p5°2 + p0r4 p172 p2 p4r3 p5°2 + 2 p0*3 p143 p2 pd*3 p5”2 + p0™4 p1 p272 pdr3 p572 + 7 p0”3 p142 p272 p4r3 p5°i2 + 7 p0”2 p113 p272 p4*3 p5°2 + p0 p174 p2r2

p4”3 p5t2 + 2 p0”3 p1 p273 p4”3 p5°2 + 7 p0*2 p142 p2~3 p4"3 p5°2 + 5 p0 p173 p2°3 p4r3 p5°2 + p174 p2~3 p4”3 p5°2 + p0 p172 p2”4 p4”3 p5°2 + p113 p2~4 p4”3 p5r2 + p0”r4 p1 p2 p3 p4"3 p5*2 + 7 p03 p172 p2 p3 p4”3 p5°2 + 8 p0”2 p113 p2 p3 p4”3 p5°2 + p0 p1°4 p2 p3 p4"3 p5*2 + 7 p0”3 p1 p2°2 p3 p4”3
p5°2 + 20 p0”2 p172 p2°2 p3 p4"3 p5*2 + 12 p0 p1°3 p272 p3 p4"3 p5*2 + 2 p174 p2”2 p3 p4”3 p5°2 + 8 p0”2 p1 p23 p3 p4"3 p5*2 + 12 p0 p112 p2~3 p3 p4”3 p5°2 + 3 p173 p2”3 p3 p4*3 p5°2 + p0 p1 p2”4 p3 p4”3 p5°2 + 2 p172 p274 p3 p4"3 p5*2 + 2 p0”3 p1 p2 p3”2 p4”3 p5°2 + 6 p0”2 p112 p2 p3”2 p4”3 p5r2 +

6 p0 p173 p2 p372 p4*3 p512 + p1”4 p2 p372 p4*3 p5°2 + 6 p0*2 p1 p272 p312 p43 p5°2 + 11 p0 p172 p242 p312 p4r3 p5°2 + 3 p173 p2A2 p312 p4r3 p5*2 + 6 p0 p1 p273 p312 p4”3 p5r2 + 3 p112 p273 p372 p4”3 p5°2 + p1 p2~4 p312 p4”3 p5r2 - p0"2 p1 p2 p3”3 p4A3 p5°2 + p113 p2 p3”3 p4A3 p5°2 + 2 p172 p2A2
p373 p4A3 p5°2 + p1 p2”3 p3.3 p4~3 p5°2 + 2 p0*4 p113 p2/2 p5r3 + 2 p0”3 p174 p2A2 p513 + 2 p0*4 p112 p2~3 p513 + 6 p0”3 p113 p23 p5°3 + 2 p0”2 p1°4 p2A3 p5°3 + 2 p0”3 p172 p2~4 p5”3 + 2 p0*2 p113 p274 p5*3 + 2 p0*4 p173 p2 p3 p5”3 + 2 p0*3 p1°4 p2 p3 p513 + 5 p0*4 p112 p2~2 p3 p5°3 + 11 p0*3 p143
p2°2 p3 p5*3 + 6 p0"2 p174 p2/2 p3 p5*3 + 2 p0*4 p1 p2-3 p3 p5°3 + 11 p0*3 p112 p2~3 p3 p5°3 + 13 p0*2 p113 p273 p3 p5°3 + 3 p0 p1°4 p2~3 p3 p5”3 + 2 p0”3 p1 p2*4 p3 p5°3 + 6 p0"2 p172 p2”4 p3 p5*3 + 3 p0 p173 p2”4 p3 p5°3 + 2 p0*4 p172 p2 p3*2 p5°3 + 5 p0”3 p173 p2 p3”2 p5*3 + p0”2 p174 p2 p3”2 p5*3

+ 2 p0™4 p1 p22 p372 p5°3 + 12 p0*3 p112 p2~2 p372 p5°3 + 12 p0”2 p1~3 p2/2 p372 p5°3 + 2 p0 p1*4 p2/2 p372 p5~3 + 5 p0*3 p1 p2~3 p3~2 p5°3 + 12 p0”2 p12 p2~3 p3”2 p5°3 + 8 p0 p173 p2~3 p312 p5°3 + p174 p2~3 p322 p5°3 + p0”2 p1 p2~4 p3”2 p513 + 2 p0 p12 p2~4 p3”2 p5°3 + p143 p274 p3~2 p5°3 + 2

p023 p112 p2 p323 p513 + p0”2 p113 p2 p3.3 p5°3 + 2 p0”3 p1 p2”2 p3.3 p5*3 + 7 p0”2 p172 p242 p3.3 p5°3 + 2 p0 p113 p2/2 p33 p5°3 + p02 p1 p2/3 p3+3 p5°3 + 2 p0 p142 p23 p3+3 p5~3 + p1+3 p243 p3.3 p5°3 + 2 p0™4 p173 p2 p4 p5°3 + 2 p0*3 p1*4 p2 p4 p5”3 + 5 p0™4 p142 p22 p4 p513 + 11 p0*3 p113 p2/2
p4 p5°3 + 6 p0*2 p1°4 p272 p4 p5°3 + 2 p0™4 p1 p273 p4 p513 + 11 p0*3 p172 p2"3 p4 p5*3 + 13 p0”2 p173 p2”3 p4 p5°3 + 3 p0 p174 p2°3 p4 p5°3 + 2 p0”3 p1 p2”4 p4 p5°3 + 6 p0*2 p1°2 p2~4 p4 p5°3 + 3 p0 p1°3 p274 p4 p5°3 + 5 p0™4 p172 p2 p3 p4 p513 + 10 p0”3 p113 p2 p3 p4 p5°3 + 5 p0*2 p174 p2 p3 p4 p5"3
+ 5 p0™4 p1 p272 p3 p4 p5*3 + 30 p0”3 p172 p2*2 p3 p4 p5°3 + 31 p0”2 p173 p2”2 p3 p4 p5°3 + 8 p0 p174 p2/2 p3 p4 p5°3 + 10 p0”3 p1 p2”3 p3 p4 p5°3 + 31 p0”2 p172 p2.3 p3 p4 p5°3 + 16 p0 p173 p2”3 p3 p4 p5"3 + 2 p174 p2”3 p3 p4 p5”3 + 5 p0*2 p1 p2*4 p3 p4 p5°3 + 8 p0 p1°2 p2°4 p3 p4 p5°3 + 2 p1°3 p2°4
p3 p4 p5°3 + 2 p0™4 p1 p2 p3*2 p4 p513 + 11 p0*3 p172 p2 p3”2 p4 p5*3 + 12 p0”2 p173 p2 p3”2 p4 p5°3 + 2 p0 p1°4 p2 p32 p4 p5°3 + 11 p0”3 p1 p272 p3”2 p4 p5*3 + 29 p0”2 p172 p2”2 p3*2 p4 p5°3 + 16 p0 p173 p22 p372 p4 p513 + 2 p1°4 p272 p312 p4 p5°3 + 12 p0”2 p1 p2*3 p3~2 p4 p5°3 + 16 p0 p172 p2°3

p372 p4 p5*3 + 3 p113 p273 p3”2 p4 p5°3 + 2 p0 p1 p2”4 p32 p4 p5°3 + 2 p172 p2r4 p372 p4 p5*3 + 2 p0”3 p1 p2 p3”3 p4 p5*3 + 6 p0”2 p172 p2 p33 p4 p5°3 + 2 p0 p1°3 p2 p3*3 p4 p53 + 6 p0"2 p1 p272 p3.3 p4 p5°3 + 8 p0 p172 p22 p373 p4 p53 + 2 p113 p272 p3.3 p4 p5°3 + 2 p0 p1 p2~3 p3.3 p4 p5°3 + 2
p142 p213 p373 p4 p513 + 2 p0*4 p172 p2 p4”2 p5r3 + 5 p0”3 p173 p2 p4”2 p5°3 + p0”2 p174 p2 p4”2 p5°3 + 2 p0™4 p1 p2°2 p4r2 p5°3 + 12 p0”3 p172 p2~2 p4*2 p5°3 + 12 p0”2 p1~3 p2A2 p4”2 p5r3 + 2 p0 p1°4 p2A2 p42 p5°3 + 5 p0r3 p1 p2°3 p4r2 p5°3 + 12 p0”2 p112 p2~3 p4*2 p5°3 + 8 p0 p113 p273 p4*2 p513

+ p174 p2°3 p4*2 p513 + p02 p1 p2”4 p4*2 p5°3 + 2 p0 p112 p274 p4"2 p5°3 + p173 p2r4 p4r2 p5t3 + 2 p0”4 p1 p2 p3 p4"2 p5*3 + 11 p0”3 p172 p2 p3 p4”2 p5°3 + 12 p0”*2 p1°3 p2 p3 p4 2 p513 + 2 p0 p1°4 p2 p3 p4*2 p513 + 11 p0”3 p1 p272 p3 p4"2 p5°3 + 29 p0”2 p172 p2/2 p3 p4*2 p5°3 + 16 p0 p173 p22 p3
p4r2 p573 + 2 p1°4 p272 p3 p4"2 p5°3 + 12 p0”2 p1 p2~3 p3 p4”2 p5°3 + 16 p0 p1°2 p2”3 p3 p4”2 p5°3 + 3 p173 p2.3 p3 p4"2 p5*3 + 2 p0 p1 p2*4 p3 p4"2 p5*3 + 2 p1°2 p2”4 p3 p4”2 p5°3 + 4 p0”3 p1 p2 p3*2 p4"2 p5*3 + 11 p0”2 p172 p2 p3”2 p4*2 p5*3 + 8 p0 p113 p2 p3"2 p4”2 p5°3 + p174 p2 p3”2 p4”2 p5°3 +

11 p0”2 p1 p2°2 p372 p4*2 p513 + 16 p0 p172 p272 p312 p4*2 p5*3 + 3 p173 p2”2 p312 p4*2 p5*3 + 8 p0 p1 p2~3 p372 p4”2 p5°3 + 3 p142 p23 p3”2 p4”2 p5°3 + p1 p274 p3~2 p4”2 p5°3 + p0 p172 p2 p33 p4 2 p5°3 + p173 p2 p33 p4*2 p5°3 + p0 p1 p272 p3*3 p4”2 p5°3 + 2 p172 p2~2 p313 p4”2 p5*3 + p1 p2~3
p373 p4”2 p5°3 + 2 p0*3 p112 p2 p4*3 p513 + p0*2 p113 p2 p4*3 p513 + 2 p0”3 p1 p272 p4"3 p5*3 + 7 p0”2 p172 p272 p4*3 p5t3 + 2 p0 p113 p272 p4”3 p5°3 + p0”2 p1 p2"3 p4”3 p5°3 + 2 p0 p172 p2/3 p4r3 p5°3 + p173 p2.3 p4r3 p513 + 2 p0”3 p1 p2 p3 p4*3 p513 + 6 p0"2 p172 p2 p3 p4”3 p5°3 + 2 p0 p173 p2 p3

p4”3 p5°3 + 6 p0”2 p1 p272 p3 p4”3 p5°3 + 8 p0 p112 p22 p3 p4"3 p5*3 + 2 p113 p2”2 p3 p4”3 p5°3 + 2 p0 p1 p2”3 p3 p4”3 p5°3 + 2 p172 p2/3 p3 p4"3 p5*3 + p0 p112 p2 p3*2 p4"3 p5°3 + p173 p2 p3*2 p4"3 p5°3 + p0 p1 p2°2 p3*2 pd”3 p5°3 + 2 p172 p2”2 p3*2 p4"3 p5*3 + p1 p2”3 p3*2 p4"3 p5°3 + p0™4 p112
p2°2 p5*4 + 2 p0"3 p173 p2/2 p5°4 + p0”2 p174 p2"2 p5*4 + 2 p0”3 p172 p2/3 p5™4 + 2 p0*2 p113 p2~3 p5°4 + p0*2 p112 p274 p5°4 + p0*4 p172 p2 p3 p5°4 + 2 p0”*3 p173 p2 p3 p5*4 + p0”2 p174 p2 p3 p5°4 + p0*4 p1 p2°2 p3 p5™4 + 3 p0*3 p1°2 p272 p3 p5°4 + 3 p0”2 p113 p2"2 p3 p5™4 + p0 p1°4 p272 p3 p5t4 + 2

p0”3 p1 p2/3 p3 p5”4 + 3 p0"2 p112 p2”3 p3 p5*4 + 2 p0 p113 p2"3 p3 p5*4 + p0”2 p1 p2*4 p3 p5°4 + p0 p172 p2”4 p3 p5°4 + 2 p0*3 p172 p2 p3*2 p5°4 + 2 p0”2 p113 p2 p3”2 p5*4 + 2 p0”3 p1 p2”2 p372 p5°4 + 3 p0”2 p172 p272 p3”2 p5~4 + 2 p0 p173 p2/2 p3”2 p5*4 + 2 p0”2 p1 p2”3 p32 p5™4 + 2 p0 p172 p2/3
p372 p574 + p0*2 p112 p2 p373 p5°4 + p0*2 p1 p2/2 p3*3 p5°4 + p0 p172 p2/2 p3*3 p5°4 + p0*4 p1°2 p2 p4 p5™4 + 2 p0*3 p113 p2 p4 p5™4 + p0”2 p174 p2 p4 p5*4 + p0™4 p1 p2/2 p4 p5~4 + 3 p0”3 p142 p272 p4 p5*4 + 3 p0”2 p173 p2°2 p4 p5™4 + p0 p1°4 p272 p4 p5*4 + 2 p0”3 p1 p2”3 p4 p5*4 + 3 p0”2 p172 p2/3

p4 p5™4 + 2 p0 p173 p2.3 p4 p5™4 + p0”2 p1 p2”4 p4 p5*4 + p0 p172 p2*4 p4 p5°4 + p0*4 p1 p2 p3 p4 p5*4 + 3 p0”3 p172 p2 p3 p4 p5*4 + 3 p0”2 p173 p2 p3 p4 p5*4 + p0 p1°4 p2 p3 p4 p5°4 + 3 p0”*3 p1 p2”2 p3 p4 p5™4 + 12 p0”2 p172 p2°2 p3 p4 p5°4 + 3 p0 p1°3 p272 p3 p4 p514 + 3 p0”2 p1 p273 p3 p4 p5*4 + 3
p0 p172 p23 p3 p4 p5*4 + p0 p1 p2*4 p3 p4 p5*4 + 2 p0”3 p1 p2 p3”2 p4 p5°4 + 3 p0”*2 p172 p2 p3*2 p4 p514 + 2 p0 p1°3 p2 p3*2 p4 p5*4 + 3 p0"2 p1 p272 p3”2 p4 p5™4 + 3 p0 p172 p2r2 p372 p4 p5*4 + 2 p0 p1 p2/3 p3”2 p4 p5*4 + p0”2 p1 p2 p3*3 p4 p5°4 + p0 p172 p2 p3.3 p4 p5™4 + p0 p1 p272 p3”3 p4 p5™4 + 2
p0~3 p142 p2 p4"2 p5°4 + 2 p0”2 p173 p2 p4"2 p5™4 + 2 p0*3 p1 p2°2 p4*2 p5°4 + 3 p0”2 p172 p272 p4”2 p5°4 + 2 p0 p173 p2°2 p4"2 p5t4 + 2 p0”2 p1 p273 p4”2 p5™4 + 2 p0 p172 p2/3 p4"2 p574 + 2 p0”3 p1 p2 p3 p4"2 p5*4 + 3 p0”2 p172 p2 p3 p4”2 p5~4 + 2 p0 p173 p2 p3 p4 2 p5°4 + 3 p0”2 p1 p2°2 p3 p4"2 p5r4
+ 3 p0 p112 p272 p3 p4”2 p5™4 + 2 p0 p1 p2”3 p3 p4”2 p5™4 + 2 p0*2 p1 p2 p3°2 p4"2 p5*4 + 2 p0 p172 p2 p3”2 p4*2 p5°4 + 2 p0 p1 p2”2 p372 p4"2 p5°4 + p0”2 p172 p2 p4"3 p5*4 + p0”2 p1 p272 p4*3 p5t4 + p0 p1°2 p272 p4*3 p5°4 + p0”2 p1 p2 p3 p4”3 p5°4 + p0 p172 p2 p3 p4”3 p5™4 + p0 p1 p2/2 p3 p4*3 p5t4



p0*4 p174 p272 p322 + 2 p0™4 p113 p273 p372 + 2 p0"3 p1°4 p2A3 p32 + p0”4 p1/2 p2°4 p372 + 2 p0”3 p143 p274 p372 + p0”2 p174 p2°4 p32 + p0™4 p113 p2~2 p373 + p0”3 p1°4 p2/2 p3~3 + p0r4 p172 p2-3 p3.3 + 3 p0”3 p113 p2~3 p313 + p0”2 p1°4 p2/3 p373 + p0”3 p172 p2”4 p3.3 + p0”2 p113 p274 p3”3 + 2
p0*4 p174 p272 p3 p4 + 4 p0™4 p173 p213 p3 p4 + 4 p0*3 p1°4 p2.3 p3 p4 + 2 p0™4 p172 p274 p3 p4 + 4 p0*3 p113 p2~4 p3 p4 + 2 p02 p174 p2”4 p3 p4 + p0™4 p1°4 p2 p3°2 p4 + 4 p0™4 p113 p22 p3~2 p4 + 5 p0”3 p1°4 p272 p372 p4 + 4 p0™4 p112 p2~3 p3”2 p4 + 11 p0”3 p143 p2A3 p372 p4 + 6 p0"2 p174 p2~3 p372
p4 + p0*4 p1 p2°4 p372 p4 + 5 p0*3 p112 p274 p3”2 p4 + 6 p0"2 p173 p2°4 p372 p4 + 2 p0 p174 p2"4 p372 p4 + p0”4 p173 p2 p3”3 p4 + p0*3 p1°4 p2 p373 p4 + 2 p0*4 p172 p272 p3.3 p4 + 5 p0"3 p173 p2"2 p373 p4 + 3 p0*2 p1°4 p272 p3”3 p4 + p0*4 p1 p2”3 p373 p4 + 5 p0*3 p112 p273 p3”3 p4 + 7 p0"2 p173 p2"3
p373 p4 + 2 p0 p174 p2"3 p33 p4 + p0r3 p1 p2*4 p373 p4 + 3 p0~2 p142 p274 p3~3 p4 + 2 p0 p113 p274 p3"3 p4 + p0*4 p174 p272 p4"2 + 2 p0™4 p113 p2/3 pd 2 + 2 p03 p174 p2A3 p4’2 + p0r4 p172 p274 p4*2 + 2 p0”3 p113 p274 pdr2 + p0r2 p174 p2°h4 par2 + p0r4 p174 p2 p3 p4 2 + 4 p0™4 p1~3 p2A2 p3 p4*2 + 5

p0~3 p174 p272 p3 p4”2 + 4 pOr4 p172 p2~3 p3 p4*2 + 11 p0"3 p173 p2A3 p3 p4"2 + 6 p0*2 p174 p273 p3 p4”2 + p0*4 p1 p2”4 p3 p4 2 + 5 p03 p172 p2”4 p3 pd 2 + 6 p02 p173 p2”4 p3 pd*2 + 2 p0 p1°4 p2°4 p3 p4"2 + 2 p0™4 p113 p2 p372 p4”2 + p0”3 p174 p2 p372 p4”2 + 4 p0™4 p112 p272 p372 p4”2 + 13 p0”3

p143 p2/2 p372 p4*2 + 5 p0”2 p1°4 p2/2 p372 p4"2 + 2 p0™4 p1 p273 p372 p4*2 + 13 p0”3 p172 p2~3 p312 p4”2 + 18 p0*2 p113 p2.3 p372 p4"2 + 5 p0 p1°4 p23 p3~2 p4"2 + p0”3 p1 p274 p372 p4"2 + 5 p0”2 p142 p274 p372 p4*2 + 5 p0 p113 p274 p372 p4"2 + p174 p2h4 p3r2 p4r2 + 2 p0™4 p172 p2 p373 p4r2 + 2

p0A3 p113 p2 p373 p4”2 + p0”2 p174 p2 p3.3 p4”2 + 2 p0™4 p1 p2°2 p313 p4*2 + 6 p0"3 p172 p2A2 p313 p4 2 + 6 p02 p173 p212 P33 pd 2 + 2 p0 p1°4 p2A2 p373 p4*2 + 2 p0*3 p1 p2/3 p3~3 p4"2 + 6 p0”2 p112 p23 p373 p4*2 + 5 p0 p143 p273 p373 p4*2 + p1°4 p2A3 p33 p4 2 + p02 p1 p2~4 p373 p4*2 + 2 p0

p142 p2°4 p373 p4r2 + p173 p2”4 p313 p42 + p0r4 p173 p2~2 p4”3 + p0”3 p174 p272 p4r3 + p0™4 p172 p2A3 p4”3 + 3 p0”3 p113 p213 p4”3 + p0”2 p17r4 p273 p4r3 + p0r3 p112 p2r4 p4Ar3 + p0”2 p1A3 p2°4 p4”3 + p0™4 p143 p2 p3 p4”3 + p0”3 p174 p2 p3 p4”3 + 2 p0r4 p172 p272 p3 p4*3 + 5 p03 p173 p2A2 p3 p4"3 +
3 p0”2 p174 p222 p3 p4*3 + p0™4 p1 p2/3 p3 p4*3 + 5 p0”3 p142 p23 p3 p4”3 + 7 p0”2 p113 p273 p3 p4”3 + 2 p0 p174 p2”3 p3 p4”3 + p0”3 p1 p2”4 p3 p4*3 + 3 p02 p172 p2”4 p3 p4r3 + 2 p0 p143 p2°4 p3 p4*3 + 2 p0™4 p172 p2 p372 p4”3 + 2 p0”3 p113 p2 p312 p4”3 + p0”2 p174 p2 p312 p43 + 2 p0r4 p1 p2A2 p312

p4”3 + 6 p0"3 p142 p2/2 p372 p4"3 + 6 p0”2 p113 p2/2 p372 p4*3 + 2 p0 p1°4 p272 p372 p4*3 + 2 p0"3 p1 p2~3 p372 p4”3 + 6 p0”2 p112 p273 p372 p4”3 + 5 p0 p113 p2~3 p312 p4A3 + p1°r4 p2A3 p372 p4*3 + p0”2 p1 p274 p372 p4”3 + 2 p0 p112 p274 p372 p4”3 + p113 p274 p372 p4*3 + 2 p0”3 p112 p2 p3”3 p4"3 +
p0”2 p113 p2 p3.3 p4~3 + 2 p0”3 p1 p2"2 p3.3 p43 + 4 p0”2 p172 p2”2 p3.3 p4r3 + 2 p0 p173 p2/2 p3A3 p4*3 + p0”2 p1 p2°3 p3A3 p4*3 + 2 p0 p142 p2/3 p313 p4*3 + p173 p2-3 p3.3 p4”3 + 2 p0™4 p174 p2”2 p3 p5 + 4 p0™4 p173 p2.3 p3 p5 + 4 p0”3 p1°4 p2/3 p3 p5 + 2 p0*4 p12 p2*4 p3 p5 + 4 p0”3 p113 p2°4 p3
p5 + 2 p0"2 p174 p2”4 p3 p5 + p0*4 p1°4 p2 p372 p5 + 5 p0*4 p1°3 p272 p3”2 p5 + 6 p0"3 p174 p2"2 p3*2 p5 + 5 p0*4 p112 p273 p3”2 p5 + 14 p0*3 p113 p273 p312 p5 + 7 p0"2 p174 p2”3 p3*2 p5 + p0™4 p1 p274 p3.2 p5 + 6 p0"3 p172 p2”r4 p3~2 p5 + 7 p0*2 p1°3 p274 p3”2 p5 + 2 p0 p1°4 p274 p3”2 p5 + p0*4 p113

p2 p373 p5 + p0"3 p174 p2 p3.3 p5 + p0*4 p112 p272 p3.3 p5 + 5 p0"3 p173 p2°2 p373 p5 + 2 p0*2 p1°4 p272 p3”3 p5 + p0*4 p1 p2”3 p373 p5 + 5 p0*3 p112 p2~3 p3”3 p5 + 7 p0”2 p173 p2-3 p313 p5 + 2 p0 p174 p2”3 p373 p5 + p0”3 p1 p274 p3”3 p5 + 2 p0”2 p172 p2°4 p373 p5 + 2 p0 p173 p2”4 p373 p5 + 2 p0*4
p1°4 p2/2 p4 p5 + 4 p0*4 p113 p2.3 p4 p5 + 4 p0*3 p174 p2/3 p4 p5 + 2 p0*4 p172 p2*4 p4 p5 + 4 p0”3 p113 p2*4 p4 p5 + 2 p0*2 p174 p2*4 p4 p5 + 3 p0™4 p174 p2 p3 p4 p5 + 11 p0*4 p1"3 p2”2 p3 p4 p5 + 14 p0*3 p174 p2/2 p3 p4 p5 + 11 p0*4 p1°2 p2*3 p3 p4 p5 + 30 p0”3 p1.3 p2.3 p3 p4 p5 + 17 p0"2 p174 p2°3

p3 p4 p5 + 3 p0*4 p1 p2”4 p3 p4 p5 + 14 p0*3 p172 p2*4 p3 p4 p5 + 17 p0*2 p173 p2*4 p3 p4 p5 + 6 p0 p174 p2*4 p3 p4 p5 + 5 p0*4 p13 p2 p3"2 p4 p5 + 5 p0”3 p1°4 p2 p3*2 p4 p5 + 13 p0™4 p172 p2°2 p3”2 p4 p5 + 31 p0”3 p113 p2"2 p3”2 p4 p5 + 17 p0*2 p174 p2°2 p3”2 p4 p5 + 5 p0*4 p1 p2”3 p3”2 p4 p5 + 31

p0~3 p142 p2.3 p3”2 p4 p5 + 39 p0"2 p173 p2*3 p3"2 p4 p5 + 11 p0 p174 p23 p3”2 p4 p5 + 5 p0”3 p1 p2"4 p3"2 p4 p5 + 17 p0*2 p172 p2*4 p32 p4 p5 + 11 p0 p143 p2”4 p3”2 p4 p5 + 2 p174 p2*4 p3”2 p4 p5 + 2 p0*4 p172 p2 p3*3 p4 p5 + 4 p0”3 p1"3 p2 p3+3 p4 p5 + 2 p0"2 p1*4 p2 p3*3 p4 p5 + 2 p0*4 p1 p2/2
p373 p4 p5 + 16 p0"3 p112 p272 p3”3 p4 p5 + 17 p0*2 p113 p272 p3.3 p4 p5 + 5 p0 p174 p2"2 p3.3 p4 p5 + 4 p0”3 p1 p2”3 p373 p4 p5 + 17 p0*2 p172 p2/3 p373 p4 p5 + 10 p0 p173 p2"3 p33 p4 p5 + 2 p174 p2"3 p373 p4 p5 + 2 p0*2 p1 p2*4 p3”3 p4 p5 + 5 p0 p112 p2*4 p3”3 p4 p5 + 2 p1"3 p2°4 p3”3 p4 p5 + p0*4
p174 p2 p4”2 p5 + 5 p0"4 p173 p22 p4"2 p5 + 6 p0”3 p1°r4 p272 p4”2 p5 + 5 p0”r4 p172 p2/3 p4~2 p5 + 14 p0”3 p173 p2/3 p4"2 p5 + 7 p0”2 p1°r4 p2~3 p4”2 p5 + p0™4 p1 p2r4 p4r2 p5 + 6 p0~3 p112 p274 p4”2 p5 + 7 p0”2 p173 p2r4 p4~2 p5 + 2 p0 p174 p2r4 p4”2 p5 + 5 p0*4 p143 p2 p3 p4*2 p5 + 5 p0”3 p174 p2 p3
p4”2 p5 + 13 p0*4 p172 p2/2 p3 p4"2 p5 + 31 p0*3 p113 p272 p3 p4"2 p5 + 17 p0*2 p1°r4 p272 p3 p4”2 p5 + 5 p0”*4 p1 p2”3 p3 p4”2 p5 + 31 p0”3 p172 p2-3 p3 p4~2 p5 + 39 p0”2 p173 p2/3 p3 p4"2 p5 + 11 p0 p1°4 p2/3 p3 p4"2 p5 + 5 p0”3 p1 p274 p3 p4"2 p5 + 17 p0*2 p1°2 p274 p3 p4”2 p5 + 11 p0 p113 p274 p3

p4”2 p5 + 2 p174 p2h4 p3 p4"2 p5 + 6 p0™4 p142 p2 p3”2 p4”2 p5 + 16 p0”3 p173 p2 p3”2 p4”*2 p5 + 7 p0*2 p1°4 p2 p3r2 pd"2 p5 + 6 p0™4 p1 p272 p312 p4~2 p5 + 32 p0”3 p172 p2/2 p372 p4”2 p5 + 39 p0”2 p113 p2"2 p3.2 p4"2 p5 + 12 p0 p174 p2"2 p3*2 p4"2 p5 + 16 p0*3 p1 p2°3 p372 p4”2 p5 + 39 p0”2 p112 p2”3
p372 p4”2 p5 + 30 p0 p113 p2/3 p312 p4”2 p5 + 3 p174 p2"3 p312 p4"2 p5 + 7 p0”2 p1 p274 p3”2 p4 2 p5 + 12 p0 p1°2 p274 p312 p4~2 p5 + 3 p173 p2°r4 p372 p4"2 p5 + 2 p0™4 p1 p2 p3”3 p4”2 p5 + 6 p0”3 p172 p2 p3.3 p4"2 p5 + 7 p0”2 p113 p2 p3”3 p4”2 p5 + 2 p0 p174 p2 p3”3 p4 2 p5 + 6 p0*3 p1 p2/2 p3~3 pdr2
p5 + 17 p0*2 p172 p272 p3.3 p4~2 p5 + 11 p0 p173 p2°2 p373 p4”2 p5 + 2 p1°4 p272 p3°3 p4*2 p5 + 7 p0*2 p1 p2-3 p373 p4”2 p5 + 11 p0 p112 p273 p3.3 p4~2 p5 + 3 p173 p2”3 p3*3 p4"2 p5 + 2 p0 p1 p2*4 p3”3 pd”2 p5 + 2 p112 p274 p3.3 p4~2 p5 + p0r4 p173 p2 p4”3 p5 + p0”3 p174 p2 p4*3 p5 + p0r4 p172 p2/2

p4/3 p5 + 5 p0”3 p113 p272 p4"3 p5 + 2 p0”2 p174 p2"2 p4”3 p5 + p0™4 p1 p273 p4"3 p5 + 5 p0”3 p172 p2"3 p4~3 p5 + 7 p02 p113 p273 p4*3 p5 + 2 p0 p1°4 p2~3 p4"3 p5 + p0”3 p1 p2°4 p4”3 p5 + 2 p02 p112 p274 p4"3 p5 + 2 p0 p113 p274 p4"3 p5 + 2 p0™4 p172 p2 p3 p4”3 p5 + 4 p0”3 p173 p2 p3 p4"3 p5 + 2
p0~2 p174 p2 p3 p4”3 p5 + 2 p0™4 p1 p2°2 p3 p4"3 p5 + 16 p0*3 p1°2 p272 p3 p4”3 p5 + 17 p0*2 p113 p272 p3 p4”3 p5 + 5 p0 p174 p2"2 p3 p4”3 p5 + 4 p0”3 p1 p2”3 p3 p4”3 p5 + 17 p0"2 p172 p2.3 p3 p4*3 p5 + 10 p0 p173 p2”3 p3 p4”3 p5 + 2 p174 p2”3 p3 p4”3 p5 + 2 p0*2 p1 p2”4 p3 p4*3 p5 + 5 p0 p172 p2*4 p3
p4~3 p5 + 2 p173 p2”4 p3 p4”3 p5 + 2 p0*4 p1 p2 p32 p4*3 p5 + 6 p0”3 p112 p2 p312 p4”3 p5 + 7 p0*2 p173 p2 p3°2 p4"3 p5 + 2 p0 p1°4 p2 p3*2 p4"3 p5 + 6 p0”3 p1 p272 p372 p4r3 p5 + 17 p0”2 p172 p2/2 p372 p4”3 p5 + 11 p0 p113 p272 p372 p4r3 p5 + 2 p174 p2"2 p372 p4"3 p5 + 7 p0"2 p1 p273 p3”2 p4"3 p5 +

11 p0 p172 p2/3 p372 p4”3 p5 + 3 p113 p273 p32 p4"3 p5 + 2 p0 p1 p2”4 p372 p4"3 p5 + 2 p172 p274 p372 p4”3 p5 + 2 p0”3 p1 p2 p3”3 p4”3 p5 + 2 p0*2 p112 p2 p3*3 p4"3 p5 + 2 p0 p1°3 p2 p373 pd”3 p5 + 2 p0"2 p1 p272 p3.3 p4”3 p5 + 4 p0 p172 p22 p3”3 p4”3 p5 + 2 p113 p272 p3.3 p4~3 p5 + 2 p0 p1 p2*3 p3”3
p4”3 p5 + 2 p142 p23 p373 p4*3 p5 + p0r4 p174 p272 p5°2 + 2 p0™4 p113 p2~3 p5°2 + 2 p0r3 p174 p2A3 p5°2 + p0”r4 p172 p274 p5°2 + 2 p0”3 p113 p274 p5°2 + p0”2 p174 p2°h4 p5r2 + p0r4 p174 p2 p3 p5r2 + 6 p04 p173 p2A2 p3 p572 + 7 p0r3 p174 p2/2 p3 p5°2 + 6 p0™4 p142 p2/3 p3 p5°2 + 17 p0*3 p113 p2~3 p3
p542 + 8 p0”2 p1°4 p2/3 p3 p5°2 + p0™4 p1 p274 p3 p5°2 + 7 p0*3 p12 p2~4 p3 p5°2 + 8 p0”2 p173 p2”4 p3 p5°2 + 2 p0 p174 p2”4 p3 p5°2 + 3 p0™4 p173 p2 p372 p5°2 + 2 p0*3 p1”4 p2 p372 p5”2 + 5 p0™4 p142 p272 p372 p5°2 + 17 p0~3 p113 p272 p372 p5°2 + 6 p0”2 p174 p2~2 p3”2 p5°2 + 3 p0r4 p1 p2”3 p312
p542 + 17 p0”3 p112 p2~3 p372 p52 + 22 p0”2 p173 p2A3 p32 p5°2 + 6 p0 p1°4 p2/3 p372 p5°2 + 2 p0*3 p1 p274 p372 p5”2 + 6 p0”2 p142 p274 p372 p5°2 + 6 p0 p173 p274 p372 p5”2 + p1°4 p2°r4 p32 p5°2 + p0™4 p172 p2 p3A3 p5°2 + 2 p0”3 p173 p2 p373 p512 + p0™4 p1 p272 p3~3 p5°2 + 7 p0”3 p172 p2/2 p3~3
p5°2 + 7 p0"2 p113 p2/2 p373 p5°2 + p0 p1°4 p22 p373 p5”2 + 2 p0”3 p1 p2A3 p3~3 p5”2 + 7 p0”2 p142 p273 p373 p5°2 + 5 p0 p173 p2~3 p313 p52 + p1°4 p23 p3A3 p5°2 + p0 p112 p274 p3~3 p5”2 + p173 p2”4 p313 p5r2 + p0™4 p174 p2 p4 p5°2 + 6 p0™4 p173 p2/2 p4 p5”2 + 7 p0”3 p1°4 p2/2 p4 p5°2 + 6 p0™4
p172 p2°3 p4 p5°2 + 17 p03 p113 p23 p4 p5°2 + 8 p0”2 p174 p2”3 p4 p5°2 + p0™4 p1 p274 p4 p5°2 + 7 p0”3 p172 p2”4 pd p5°2 + 8 p0”2 p173 p274 p4 p5°2 + 2 p0 p1°4 p2*4 p4 p5°2 + 7 p0™4 p113 p2 p3 p4 p5°2 + 7 p0”3 p174 p2 p3 p4 p52 + 18 p0™4 p142 p272 p3 p4 p5*2 + 39 p0”3 p113 p2”2 p3 p4 p5°2 + 22 p0”2
p174 p2/2 p3 p4 p5°2 + 7 p0™4 p1 p2/3 p3 p4 p5°2 + 39 p0*3 p112 p273 p3 p4 p5°2 + 47 p0”2 p113 p2”3 p3 p4 p5°2 + 13 p0 p1°4 p273 p3 p4 p5*2 + 7 p0”3 p1 p2™4 p3 p4 p5°2 + 22 p0”2 p172 p2”4 p3 p4 p5°2 + 13 p0 p113 p2”4 p3 p4 p5°2 + 2 p174 p2™4 p3 p4 p5°2 + 6 p0*4 p172 p2 p3*2 p4 p5°2 + 17 p0*3 p113 p2
p372 p4 p5°2 + 7 p0*2 p1”4 p2 p3~2 p4 p5°2 + 6 p0*4 p1 p2”2 p3.2 p4 p5°2 + 39 p0”3 p172 p272 p312 p4 p5°2 + 46 p0”2 p113 p272 p3”2 p4 p5°2 + 12 p0 p1°4 p272 p3”2 p4 p5°2 + 17 p0”3 p1 p273 p372 p4 p5°2 + 46 p0*2 p112 p23 p372 p4 p5°2 + 31 p0 p113 p2/3 p372 p4 p512 + 3 p1°4 p23 p372 p4 p5°2 + 7 p0”2
p1 p2°4 p372 p4 p5°2 + 12 p0 p172 p2°4 p372 p4 p5°2 + 3 p1°3 p274 p3”2 p4 p5°2 + p0™4 p1 p2 p3”3 p4 p5*2 + 7 p0”3 p172 p2 p3.3 p4 p5°2 + 8 p0”2 p113 p2 p3"3 p4 p5*2 + p0 p1°4 p2 p313 p4 p5°2 + 7 p0”3 p1 p272 p3”3 p4 p5°2 + 20 p0”2 p172 p2"2 p373 p4 p572 + 12 p0 p173 p22 p3”3 p4 p5*2 + 2 p1°r4 p2~2
p3"3 p4 p5°2 + 8 p02 p1 p2/3 p33 p4 p512 + 12 p0 p112 p2/3 p33 p4 p512 + 3 p113 p23 p373 p4 p5°2 + p0 p1 p2”4 p3.3 p4 p5”2 + 2 p172 p2°r4 p313 p4 p5°2 + 3 p0™4 p113 p2 p4"2 p5°2 + 2 p0”3 p174 p2 p4*2 p5°2 + 5 pOr4 p172 p272 p4”2 p5r2 + 17 p0*3 p113 p2/2 p4r2 p5°2 + 6 p0*2 p1”4 p2/2 p4 2 p5°2 + 3
p0*4 p1 p273 p4”2 p5°2 + 17 p0r3 p172 p2A3 p4”2 p5°2 + 22 p0”2 p113 p273 p4"2 p52 + 6 p0 p174 p2~3 p4"2 p5i2 + 2 p0”3 p1 p2”4 p4”2 p5°2 + 6 p0”2 p172 p2”4 p4”2 p5r2 + 6 p0 p173 p2”4 p4”2 p5r2 + p174 p2~4 p4”2 p5i2 + 6 p0*r4 p112 p2 p3 p4r2 p5°2 + 17 p0”3 p113 p2 p3 p4”2 p5°2 + 7 p0*2 p1°4 p2 p3 p4r2
p5°2 + 6 p0™4 p1 p272 p3 p4"2 p5*2 + 39 p0"3 p112 p2/2 p3 p4"2 p5°2 + 46 p0r2 p173 p2/2 p3 p4*2 p5r2 + 12 p0 p1~4 p2A2 p3 pd*2 p5°2 + 17 p0”3 p1 p2”3 p3 p4 2 p5”2 + 46 p0”2 p172 p2~3 p3 p42 p5°2 + 31 p0 p13 p273 p3 p4”2 p5°2 + 3 p174 p2”3 p3 p4*2 p5°2 + 7 p0*2 p1 p2°4 p3 p4*2 p5°2 + 12 p0 p1+2
p2°4 p3 p4r2 p5°2 + 3 p173 p2°4 p3 pdr2 p5h2 + 4 p0™4 p1 p2 p312 p4”2 p5r2 + 17 p0”3 p142 p2 p372 p4”2 p5°2 + 20 p0~2 p143 p2 p372 p4*2 p5°2 + 7 p0 p174 p2 p312 pd 2 p5°2 + 17 p0”3 p1 p272 p312 p4”2 p5°2 + 45 p0”2 p172 p272 p372 p4”2 p5r2 + 29 p0 p113 p2/2 p372 p4"2 p5°2 + 3 p1°4 p2/2 p372 p4r2 p5i2
+ 20 p0*2 p1 p273 p372 p4”2 p5°2 + 29 p0 p112 p273 p372 p4”2 p5r2 + 12 p173 p2A3 p312 p4 2 p5”2 + 7 p0 p1 p274 p372 p4”2 p5r2 + 3 p112 p274 p372 p4”2 p5r2 + 2 p03 p1 p2 p3A3 p4*2 p572 + 6 p0”2 p112 p2 p3~3 p4”2 p5°2 + 6 pO plad L'\2 p512 + p1°4 p2 p313 p4"2 p52 + 6 p0”2 p1 p272 p313 p4r2

p4”3 p5°2 + 2 p0”3 p1 p273 pd”3 p5°2 + 7 p0*2 p172 p2~3 p4"3 p572 + 5 p0 p173 p2"3 p4”3 p5°2 + p174 p2”3 p4”3 p5°2 + p0 p112 p2”4 p4”3 p5r2 + p113 p274 pd”3 p5°2 + p0™4 p1 p2 p3 p4"3 p5r2 + 7 p0"3 p172 p2 p3 p4”3 p5”2 + 8
p5°2 + 20 p0”2 p172 p2/2 p3 p4"3 p5*2 + 12 p0 p1°3 p272 p3 p4"3 p5°2 + 2 p174 p2"2 p3 p4” 3 p5°2 + 8 p0”2 p1 p273 p3 p4"3 p5°2 + 12 p0 p112 p273 p3 p4”3 p5°2 + 3 p173 p2”3 p3 p4*3 p5°2 + p0 p1 p2™4 p3 p4”3 p5°2 + 2 p172 p2 k p1 p2 p3°2 p4"3 p5°2 + 6 p0*2 p172 p2 p3*2 pd"3 p5°2 +
6 p0 p173 p2 p372 p4"3 p52 + p1°4 p2 p372 p4*3 p52 + 6 p0*2 p1 p272 p312 p4r3 p5°2 + 11 p0 p172 p2A2 p312 p4r3 p5°2 + 3 p173 p2A2 p312 p4r3 p5°2 + 6 p0 p1 p273 p372 p4”3 p5r2 + 3 p172 p273 p3”2 p4”3 p5°2 + p1 p2°4 p3* p373 p4”3 p5°2 + p113 p2 p3”3 p4~3 p5°2 + 2 p112 p2/r2
p373 p4A3 p5°2 + p1 p2°3 p3”3 p4A3 p5°2 + 2 p0*4 p173 p2/2 p5°3 + 2 p0”3 p174 p272 p5°3 + 2 p0™4 p112 p2~3 p5”3 + 6 p0*3 p113 p2/3 p5°3 + 2 p02 p174 p2”3 p513 + 2 p0*3 p112 p2~4 p5~3 + 2 p0”2 p113 p274 p5°3 + 2 p0™4 p1A p3 p53 + 2 p0*3 "4 p2 p3 p5°3 + 5 p0™4 p172 p2”2 p3 p5°3 + 11 p0”3 p13
p2°2 p3 p5"3 + 6 p0”2 p174 p2~2 p3 p5”3 + 2 p0™4 p1 p2”3 p3 p5”3 + 11 p0”3 p172 p2~3 p3 p53 + 13 p0*2 p13 p2/3 p3 p5”3 + 3 p0 p174 p2*3 p3 p5”3 + 2 p0"3 p1 p2*4 p3 p5”3 + 6 p0"2 p1°2 p2”4 p3 p5*3 + 3 p0 p1*3 p2*4 p3 p5*3 P53 + 5 p0”3 p113 p2 p3"2 p5*3 + p0”2 p174 p2 p3”2 p5*3
+ 2 p0™ p1 p2/2 p372 p5°3 + 12 p0”3 p172 p272 p312 p513 + 12 p02 p173 p2/2 p32 p5°3 + 2 p0 p1”4 p2/2 p372 p5~3 + 5 p0”3 p1 p2A3 p372 p5°3 + 12 p0”2 p172 p2~3 p3”2 p5°3 + 8 p0 p173 p2A3 p312 p5°3 + p174 p2~3 p312 P53 + P A53 + 2 p0 p172 p2”4 p372 p5°3 + p143 p274 p372 p5°3 + 2
p0~3 p112 p2 p373 p513 + p0”2 p113 p2 p3*3 p5t3 + 2 p0”3 p1 p272 p3.3 p5°3 + 7 p0*2 p142 p272 p3.3 p5°3 + 2 p0 p173 p2/2 p3~3 p513 + p0*2 p1 p2”3 p373 p5°3 + 2 p0 p172 p2~3 p3”3 p5°3 + p173 p23 p313 p5*3 + 2 p0*4 p173 p2 p4 p5>'e p4 p5°3 + 5 p0*4 p172 p272 p4 p53 + 11 p0”3 p113 p2"2
p4 p5°3 + 6 p0*2 p1°4 p272 p4 p5”3 + 2 p0™4 p1 p273 p4 p513 + 11 p0”3 p172 p2"3 p4 p5°3 + 13 p0”2 p173 p2"3 p4 p5°3 + 3 p0 p174 p2”3 p4 p5°3 + 2 p0”3 p1 p2”4 p4 p5°3 + 6 p0*2 p1°2 p274 p4 p5”3 + 3 p0 p1°3 p274 p4 p5°3 + 5 p0™4 p172 p2 p3 p4 p5 3R P03 p113 p2 p3 p4 p5°3 + 5 p0”2 p174 p2 p3 p4 p5”3
+ 5 p0™4 p1 p272 p3 p4 p5*3 + 30 p0”3 p172 p2”2 p3 p4 p5°3 + 31 p0”2 p173 p2"2 p3 p4 p5°3 + 8 p0 p174 p2/2 p3 p4 p5°3 + 10 p0”3 p1 p2"3 p3 p4 p5°3 + 31 p0”2 p172 p2.3 p3 p4 p5°3 + 16 p0 p173 p2”3 p3 p4 p5°3 + 2 p174 p2”3 p3 p4 p5°3 + 5 p0"2 p1 p2 @GR4 p5"3 + 8 p0 p1°2 p2°4 p3 p4 p5°3 + 2 p173 p2*4
p3 p4 p5°3 + 2 p0™4 p1 p2 p3*2 p4 p513 + 11 p0”3 p12 p2 p3”2 p4 p5°3 + 12 p0"2 p173 p2 p3”2 p4 p5°3 + 2 p0 p174 p2 p3”2 p4 p5°3 + 11 p0”3 p1 p22 p3"2 p4 p5*3 + 29 p0”2 p172 p2”2 p32 p4 p5°3 + 16 p0 p173 p2”2 p372 p4 p5°3 + 2 p1°4 p272 p3”2 p4 p5 2 p0”2 p1 p2-3 p372 p4 p5*3 + 16 p0 p172 p2°3
p372 p4 p5°3 + 3 p113 p273 p3”2 p4 p5°3 + 2 p0 p1 p2”4 p32 p4 p5°3 + 2 p1°2 p274 p3”2 p4 p5°3 + 2 p0”3 p1 p2 p3”3 p4 p5°3 + 6 p0”*2 p1°2 p2 p3*3 p4 p5°3 + 2 p0 p113 p2 p3*3 p4 p513 + 6 p0"2 p1 p2*2 p3.3 p4 p5°3 + 8 p0 p172 p272 p3*3 p4 p5*3 + 2 p1*3 p R3"3 p4 p5°3 + 2 p0 p1 p2°3 p3”3 p4 p5°3 + 2
p142 p23 p373 p4 p513 + 2 p0*4 p172 p2 p4"2 p5r3 + 5 p0”3 p173 p2 p4”2 p5°3 + p0”2 p174 p2 p4”2 p5°3 + 2 p0™4 p1 p2/2 p4r2 p5°3 + 12 p0”3 p112 p272 p4"2 p5h3 + 12 p0”2 p173 p2A2 p4”2 p5r3 + 2 p0 p174 p2A2 p42 p5°3 + 5 p0r3 p1 p2/3 p4r2 p5°3 + 12 p0"2 PRERP213 p4"2 p573 + 8 p0 p113 p273 p4*2 p513
+ p174 p2"3 p4*2 p513 + p02 p1 p2"4 p4r2 p5°3 + 2 p0 p112 p274 pdr2 p5°3 + p1°3 p2r4 p4r2 p5°3 + 2 p0™4 p1 p2 p3 p4"2 p5°3 + 11 p0”3 p172 p2 p3 p4”2 p5°3 + 12 p0”2 p173 p2 p3 p4 2 p5°3 + 2 p0 p1°4 p2 p3 p4”2 p513 + 11 p0”3 p1 p272 p3 p4"2 p5°3 + 29 p0”2 pT72 p2”2 p3 p4*2 p5°3 + 16 p0 p173 p2/2 p3
p4/~2 p53 + 2 p1°4 p2°2 p3 p4"2 p5°3 + 12 p0”2 p1 p273 p3 p4”2 p5°3 + 16 p0 p1°2 p2”3 p3 p4”2 p5°3 + 3 p173 p2.3 p3 p4"2 p5*3 + 2 p0 p1 p2°4 p3 p4"2 p5°3 + 2 p172 p2™4 p3 p4”2 p5°3 + 4 p0”3 p1 p2 p372 p4"2 p5°3 + 11 p0”2 p172 p2 p3”2 p4"2 p5°3 + 8 p0 p113 p2 p3"2 p4”2 p5°3 + p174 p2 p3”2 p4”2 p5°3 +
11 p0”2 p1 p2°2 p372 p4*2 p513 + 16 p0 p172 p2”2 p312 p4 2 p5”3 + 3 p173 p2A2 p312 p4 2 p5”3 + 8 p0 p1 p2~3 p372 p4”2 p5°3 + 3 p112 p23 p372 p4”2 p5°3 + p1 p274 p3”2 p4”2 p5°3 + p0 p172 p2 p33 pd 2 p5°3 + p173 p2 p33 p4*2 p5°3 + p0 p1 p272 p313 p4”2 p5°3 + 2 p12 p2~2 p313 p4”2 p5°3 + p1 p2~3
p373 p4”2 p5°3 + 2 p0*3 p112 p2 p4*3 p513 + p0*2 p113 p2 p4r3 p5°3 + 2 p0”3 p1 p272 p4"3 p5°3 + 7 p0”2 p112 p272 p4*3 p5t3 + 2 p0 p113 p272 p4”3 p5°3 + p0”2 p1 p2"3 p4”3 p5°3 + 2 p0 p172 p2/3 p4r3 p5°3 + p173 p2”3 p4~3 p5°3 + 2 p0”3 p1 p2 p3 p4*3 p513 + 6 p0"2 p172 p2 p3 p4”3 p5”3 + 2 p0 p173 p2 p3
p4”3 p5°3 + 6 p0”2 p1 p272 p3 p4”3 p5°3 + 8 p0 p112 p2/2 p3 p4"3 p5*3 + 2 p113 p2"2 p3 p4”3 p5°3 + 2 p0 p1 p2"3 p3 p4”3 p5°3 + 2 p112 p2/3 p3 p4"3 p5°3 + p0 p112 p2 p3*2 p4"3 p5°3 + p113 p2 p3*2 p4"3 p5°3 + p0 p1 p2”2 p372 pd”3 p5°3 + 2 p172 p2”2 p3*2 p4"3 p5°3 + p1 p2”3 p3*2 p4"3 p5°3 + p0™4 p112
p2°2 p5*4 + 2 p0"3 p173 p2/2 p5°4 + p0”2 p174 p2"2 p5°4 + 2 p0”3 p172 p2/3 p5™4 + 2 p0*2 p113 p273 p5°4 + p0*2 p112 p274 p5°4 + p0*4 p172 p2 p3 p5°4 + 2 p0”3 p173 p2 p3 p5*4 + p0”2 p174 p2 p3 p5t4 + p0*4 p1 p2°2 p3 p5™4 + 3 p0*3 p172 p272 p3 p5°4 + 3 p0”2 p173 p2"2 p3 p5™4 + p0 p1°4 p272 p3 p5t4 + 2
p0”3 p1 p2/3 p3 p5”4 + 3 p0"2 p112 p2"3 p3 p5*4 + 2 p0 p113 p2"3 p3 p5*4 + p0”2 p1 p2*4 p3 p5°4 + p0 p172 p2”4 p3 p5°4 + 2 p0”*3 p172 p2 p3*2 p5°4 + 2 p0”2 p113 p2 p3”2 p5*4 + 2 p0”3 p1 p2”2 p372 p5°4 + 3 p0”2 p172 p272 p3”2 p5~4 + 2 p0 p173 p2/2 p3”2 p5*4 + 2 p0”2 p1 p2~3 p3”2 p5™4 + 2 p0 p172 p2/3
p372 p5*4 + p0*2 p112 p2 p373 p5t4 + p0*2 p1 p2/2 p373 p5°4 + p0 p172 p2/2 p3*3 p5°4 + p0*4 p172 p2 p4 p5™4 + 2 p0*3 p113 p2 p4 p5™4 + p0"2 p174 p2 p4 p5*4 + p0™4 p1 p2/2 p4 p5°4 + 3 p0”3 p142 p272 p4 p5*4 + 3 p0”2 p173 p2°2 p4 p5™4 + p0 p1°4 p272 p4 p5*4 + 2 p0”3 p1 p2”3 p4 p5*4 + 3 p0”2 p172 p2/3
p4 p5™4 + 2 p0 p173 p2.3 p4 p5™4 + p0”2 p1 p2™4 p4 p5°4 + p0 p1°2 p2*4 p4 p5~4 + p0*4 p1 p2 p3 p4 p5t4 + 3 p0”3 p172 p2 p3 p4 p5*4 + 3 p0”2 p173 p2 p3 p4 p5*4 + p0 p1°4 p2 p3 p4 p5°4 + 3 p0”*3 p1 p2”2 p3 p4 p5™4 + 12 p0”2 p172 p22 p3 p4 p5”4 + 3 p0 p1°3 p2°2 p3 p4 p514 + 3 p0”2 p1 p273 p3 p4 p5*4 + 3
p0 p112 p23 p3 p4 p5*4 + p0 p1 p2™4 p3 p4 p5*4 + 2 p0”3 p1 p2 p3”2 p4 p5°4 + 3 p0*2 p172 p2 p3*2 p4 p514 + 2 p0 p113 p2 p3*2 p4 p5*4 + 3 p0"2 p1 p272 p3”2 p4 p5™4 + 3 p0 p172 p22 p372 p4 p5*4 + 2 p0 p1 p2/3 p3"2 p4 p5*4 + p0”2 p1 p2 p373 p4 p514 + p0 p172 p2 p3.3 p4 p5™4 + p0 p1 p2°2 p3”3 p4 p5™4 + 2
p0A3 p172 p2 p4"2 p5t4 + 2 p0"2 p173 p2 p4"2 p5™4 + 2 p0*3 p1 p2"2 p4 2 p514 + 3 p0”2 p172 p272 p4” 2 p5~4 + 2 p0 p173 p2°2 p4"2 p5t4 + 2 p0”2 p1 p273 p4”2 p5™4 + 2 p0 p172 p2/3 p4"2 p5t4 + 2 p0”3 p1 p2 p3 p4"2 p5t4 + 3 p0”2 p172 p2 p3 p4”2 p5~4 + 2 p0 p173 p2 p3 p4 2 p5t4 + 3 p0”2 p1 p2°2 p3 p4"2 p5r4
+ 3 p0 p112 p272 p3 p4"2 p5*4 + 2 p0 p1 p2"3 p3 p4"2 p5°4 + 2 p0”2 p1 p2 p3”2 p4"2 p5r4 + 2 p0 p172 p2 p3”2 p4”2 p5™4 + 2 p0 p1 p2°2 p372 p4"2 p5™4 + p0”2 p112 p2 p4*3 p5°4 + p0”2 p1 p2”2 p4"3 p5r4 + p0 p172 p2"2 p4"3 p574 + p0*2 p1 p2 p3 p4"3 p574 + p0 p1°2 p2 p3 p4"3 p5r4 + p0 p1 p2°2 p3 p4"3 p5°r4
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Conditional Poisson rounding counterexample

r3 =

T4y =

Ts —

Te —

50725394825993519278096800656275153334288384969061806535166055966652175553215110626112154355363727

820344544708777686628383921246921807685840301005725685964582767932498825215270734395260460182489056
16995635448467104183757178014765702738718813669542372343274191569647329181122211511135709477229515

820344544708777686628383921246921807685840301005725685964582767932498825215270734395260460182489056
16995635448467104183757178014765702738718813669542372343274191569647329181122211511135709477229515

820344544708777686628383921246921807685840301005725685964582767932498825215270734395260460182489056
203732522694899282198523379819523750032272292460663481324189224126535182285019873726167269517595483

205086136177194421657095980311730451921460075251431421491145691983124706303817683598815115045622264
203732522694899282198523379819523750032272292460663481324189224126535182285019873726167269517595483

205086136177194421657095980311730451921460075251431421491145691983124706303817683598815115045622264
746456786844211074651353568498768863987616551023722656078520071679268183450193679728059651096880547

820344544708777686628383921246921807685840301005725685964582767932498825215270734395260460182489056

There is a non-monotone perturbation causing the probability of selecting {1, 2, 3} to
decrease on the order of 1072°.



Our actual hero: Sampford rounding

Sample k parties sequentially, with replacement.
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Our actual hero: Sampford rounding

Sample k parties sequentially, with replacement.

e Draw the first party with probabilities
proportional to residues r;
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Our actual hero: Sampford rounding

Sample k parties sequentially, with replacement.

e Draw the first party with probabilities
proportional to residues r;

e Draw each subsequent party proportional to 85 878 8- Mo
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Our actual hero: Sampford rounding

Sample k parties sequentially, with replacement.

e Draw the first party with probabilities
proportional to residues r;

e Draw each subsequent party proportional to
’I“Z/(l — ’I"i)

o Restart the whole process if you sample the
same party twice
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Our actual hero: Sampford rounding

Sample k parties sequentially, with replacement.

e Draw the first party with probabilities
proportional to residues r;

e Draw each subsequent party proportional to
’I“Z/(l — 7“7;)

o Restart the whole process if you sample the
same party twice

Theorem (Sampford, 1967)]

Sampford rounding satisfies ex ante
proportionality.
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Our actual hero: Sampford rounding

Sample k parties sequentially, with replacement.

e Draw the first party with probabilities
proportional to residues r;

e Draw each subsequent party proportional to
ri/(1—ri)

o Restart the whole process if you sample the
same party twice

Theorem (Sampford, 1967)]

Sampford rounding satisfies ex ante
proportionality.

Theorem]

Sampford rounding satisfies selection
monotonicity.




Selection monotonicity

A

Residues 3 Who gets
[r1, r2, <o Iyl rounded up




Selection monotonicity

A

Quotas Residues i Who gets Num seats
[qll d2, --- Qn]

[r1, r2, - 1Al rounded up [X1, X2, «.. Xp]




Stronger coalitional monotonicity axioms

Threshold monotonicity

A

Selection monotonicity

A

(

Quotas
[qll dz, «-- CIn]

>

Residues
[rll r2, ... rn]

1

>

Who gets
rounded up

>

Num seats
[Xll X2y vun Xn]

Threshold monotonicity: For any threshold m, if shares of parties in T weakly increase
and shares of parties outside of T weakly decrease, the probability of T controlling at

least m seats weakly increases.




Stronger coalitional monotonicity axioms

Vote-count threshold monotonicity

A

Threshold monotonicity

A

Selection monotonicity

A
( 1

Vote counts Quotas Residues Who gets Num seats

[P1, P2/ -+ Pn] a1, Gy - Gl > >

[ri, r2, -« Inl rounded up [X1, X2, +.. Xp]

Threshold monotonicity: For any threshold m, if shares of parties in T weakly increase
and shares of parties outside of T weakly decrease, the probability of T controlling at
least m seats weakly increases.

Vote-count threshold monotonicity: For any threshold m, if the numbers of votes
for parties in T weakly increase and the numbers of votes for parties outside of T weakly
decrease, the probability of T controlling at least m seats weakly increases.















The Treaty of Rome

ARTICOLO 148

1. Salvo contrarie disposiziom: del presente Trattato, le deliberazioni del
Consiglio sono valide se approvate a maggioranza dei membri che lo com-

pongono.

2. Per le deliberazioni del Consiglio che richiedono una maggioranza qua-
lificata, ai voti dei membri & attribuita la seguente ponderazione:

Belgio ............ 2
Germania ......... 4
Francia .......... 4
Italia ............. 4
Lussemburgo ..... 1
Paest Bassi ....... 2

Le deliberazioni sono valide se hanno raccolto almeno:

— dodici voti quando, in virtd decl presente Trattato, debbono essere
prese su proposta della Commissione,

— dodici voti che esprimano la votazione favorevole di almeno quattro
membri, negli altri casi. )
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The Treaty of Rome

ARTICOLO 148

1. Salvo contrarie disposiziom: del presente Trattato, le deliberazioni del
Consiglio sono valide se approvate a maggioranza dei membri che lo com-

pongono.

2. Per le deliberazioni del Consiglio che richiedono una maggioranza qua-
lificata, ai voti dei membri & attribuita la seguente ponderazione:

12 votes total

Belgio ............ 2
Germania ......... 4
Francia .......... 4
Italia ............. 4
Lussemburgo ..... 1
Paest Bassi ....... 2

Le deliberazioni sono valide se hanno raccolto almeno:

—|dodici voti quando,|in virtd dcl presente Trattato, debbono essere

prese su proposta de

a Commissione,

— dodici voti che esprimano la votazione favorevole di almeno quattro

membri, negli altri casi.
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Banzhaf Power Index

For a given player ¢,
suppose all other players
vote Yes independently

with probability . The
Banzhaf power index

B; € |0,1] is defined as
the probability that player
1's vote is pivotal.

ooooo

Belgio ............ 2
Germania ......... 4
Francia .......... 4
Italia............. 4
Lussemburgo ..... 1
Paest Bassi ....... 2

Respond at:

(12 needed to win) pollev.com/jtuckerfoltz255 or

» By what factor is the BPI of Germany (weight 4) bit.ly/jtfpoll or
greater than the BPI of Luxembourg (weight 1)? text jtuckerfoltz255 to 37607



file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255

Banzhaf Power Index

For a given player ¢,
suppose all other players
vote Yes independently

with probability . The
Banzhaf power index L
B; € [0,1] is defined as "%

the probability that player
1's vote is pivotal. £

ooooo

D.Groningen

urt

Belgio ............ 2
Germania ......... 4
Francia .......... 4
Italia............. 4
Lussemburgo ..... 1
Paest Bassi ....... 2

(12 needed to win)

» By what factor is the BPI of Germany (weight 4)
greater than the BPI of Luxembourg (weight 1)?

Answer: oo!

Luxembourg is a dummy
player: no matter how
other players vote,
Luxembourg can never
affect the outcome in this
voting game, so it has
power zero under any
reasonable metric.






T=1/2

Town name Adj. Pop. | Pop. share

weight
Town of South Bristol 1641 0.01459 1488
Town of Canadice 1668 0.01483 1511
Town of Bristol 2284 0.02031 2106
Town of Naples 2403 0.02137 2211
Town of Seneca 2644 0.02351 2421
Town of West Bloomfield 2740 0.02437 2506
Town of Richmond 3360 0.02988 3123
Town of Geneva 3473 0.03088 3204
Town of East Bloomfield 3640 0.03237 3340
City of Geneva (5,6) 3679 0.03272 3373
City of Geneva (3,4) 3921 0.03487 3582
Town of Hopewell 3931 0.03496 3589
Town of Gorham 4106 0.03651 3740
City of Canandaigua (2,3) 5140 0.04571 4682
City of Geneva (1,2) 5210 0.04633 4740
City of Canandaigua (1,4) 5436 0.04834 4932
Town of Phelps 6637 0.05902 6000
Town of Manchester 9404 0.08362 8381
Town of Canandaigua 11109 0.09879 9748
Town of Farmington 14170 0.12600 12092
Town of Victor 15860 0.14103 13231




"The principle of one man-one vote is violated, however, when the power of a
representative to affect the passage of legislation by his vote... does not roughly
correspond to the proportion of the population in his constituency."”
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"...[measuring power] is impossible without computer analyses, and, accordingly, if the
boards choose to reapportion themselves by the use of weighted voting, there is no
alternative but to require them to come forward with such analyses and demonstrate the
validity of their reapportionment plans."



Iannuchi v. Board of Supervisors (1967)

"The principle of one man-one vote is violated, however, when the power of a
representative to affect the passage of legislation by his vote... does not roughly
correspond to the proportion of the population in his constituency."

"...[measuring power] is impossible without computer analyses, and, accordingly, if the
boards choose to reapportion themselves by the use of weighted voting, there is no
alternative but to require them to come forward with such analyses and demonstrate the
validity of their reapportionment plans.”

https://www.jamie.tuckerfoltz.com/Projects/Banzhaf/Demo-5.htmI?pop=1641-1668-2284-2403-2644-
2740-3360-3473-3640-3679-3921-3931-4106-5140-5210-5436-6637-9404-11109-14170-15860



https://www.jamie.tuckerfoltz.com/Projects/Banzhaf/Demo-5.html?pop=1641-1668-2284-2403-2644-2740-3360-3473-3640-3679-3921-3931-4106-5140-5210-5436-6637-9404-11109-14170-15860
https://www.jamie.tuckerfoltz.com/Projects/Banzhaf/Demo-5.html?pop=1641-1668-2284-2403-2644-2740-3360-3473-3640-3679-3921-3931-4106-5140-5210-5436-6637-9404-11109-14170-15860
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Fix a vector of weights w, wa, ..., w, summing to 1I', and consider the relative powers
of 2 and 7.
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The Banzhaf distortion problem

Fix a vector of weights w, wa, ..., w, summing to 1I', and consider the relative powers

of 2 and 3.

o . Assume w; > W
Distribution over o7 \ ¢ J

3 S 5 S 5 3
— N N \ 92
4T A 7~?> 72> 7@ 4T

1
oL .
\ \ N\ N\
Pr[pivotal] Player ¢ Player j <. <. <
\
other votes N (small) (small) %
other votes Y A+B A Since A is artificially large, (A + B)/A is

artificially close to 1 (powers are equalized).















Victor's weight with different thresholds

Weight of Largest Player

Excess Weight (%)
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Propensity (p)



All 16 NY counties at g = andp - {27 4}

largest weight weight
population (ordinary Banzhaf) (adaptive Banzhaf)
1 1 | |
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1
Shapley-Shubik:  B; = ) Z 1SIM(n—1—|S)L[qT — w; < Xses < T
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1

Banzhaf: Bi = on—1 Z l[qT —w; < Ygeg < QT]
SCn\{s}
1
Shapley-Shubik:  B; = ) Z 1SIM(n—1—|S)L[qT — w; < Xses < T
- SCn)\{s}

Note: Unlike Banzhaf and propensity-Banzhaf, the Shapley-Shubik indices naturally sum
to one, as they represent probabilities in the same probability space:



Solution 2: Random ordering (Shapley, Shubik, 1954)

1
Banzhaf: Bi = on—1 Z 1[C]T —w; < Yges < C.IT]
SCln\{i}
1
Shapley-Shubik: B = ) Z 1SI'(n—1—|S)[qT — w; < Xses < T
- SCn]\{4}

Note: Unlike Banzhaf and propensity-Banzhaf, the Shapley-Shubik indices naturally sum
to one, as they represent probabilities in the same probability space:

Randomly order the players, and start counting weights according to the random order.
The player who first causes the count to reach the threshold q is the pivotal one. The
Shapley-Shubik index is the probability of being pivotal under this process.



