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Lecture 21: Redistricting as a Fair Division Problem



Project presentations start next Wednesday! Fill out poll linked from Canvas
announcement by tomorrow night if you have preferences over the date/order.
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Gerrymandering: Drawing district lines to advantage one party or group over another.
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Parties: IV := {1, 2}
Total population: 1
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Total population for party 1: p € [0, 1]; total population for party 2: 1 — p
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Parties: N :={1,2}
Total population: 1
Total population for party 1: p € [0, 1]; total population for party 2: 1 — p

Desired number of districts: k

A redistricting map is a partition of the voting mass P = D, D+, ..., D where each
Dy is a pair of populations Dy = (py, % — pg), with v1(Dy) := py, v2(Dy) := 1 — py.

A feasible partition is one where lezl v (Dy) = p.




**For legal purposes, this is what
redistricting actually is!**

(But it's harder to work with analytically)
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**For legal purposes, this is what
redistricting actually is!**

(But it's harder to work with analytically)

Underlying vertex-weighted graph: G
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Population tolerance: ¢ > 0
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**For legal purposes, this is what
redistricting actually is!**

(But it's harder to work with analytically)

Underlying vertex-weighted graph: G
Population tolerance: € > 0

Each district Dy must be a disjoint set of
vertices inducing a connected subgraph

b . —t ’>
& o
Sesames St
A AL AL
PR T TR
e e e e A S

P
i
it
gl
aa
G




**For legal purposes, this is what
redistricting actually is!**

(But it's harder to work with analytically)

Underlying vertex-weighted graph: G
Population tolerance: € > 0

Each district Dy must be a disjoint set of
vertices inducing a connected subgraph

Fori € N, and £ € [k], v*(D,) obtained by
summing over vertices, using historical data
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Fairness axioms

For a partition P = (D1, Do, ..., D}), denote
the utility of each party 7 by

ui(P) = [{€| v'(Ds) > 1/2k}|.
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the utility of each party 7 by
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player i if u;(P) > |k S 7, v(Dy))

A partition P satisfies the geometric target for
party 7 if .
u;(P) > | (maxp u;(P) + minpu;(P))/2].

» In the geometry-free model, which Respond at:
axiom requires that the minority party
win (weakly) more seats?

e Proportionality e Incomparable bit.ly/jtfpoll or

e Geometric target e Equivalent text jtuckerfoltz255 to 37607

pollev.com/jtuckerfoltz255 or



file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
file:///snap/drawio/255/resources/app.asar/drawio/src/main/webapp/pollev.com/jtuckerfoltz255
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e A neutral administrator presents both parties with (
a sequence of nested bipartitions

e For each one, they are asked, "Would you rather
get to control redistricting of the left side or the
right side?"

e Find a point of (near-) agreement.
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Cut-and-Choose:

1. Party 1 splits the state into two pieces

2. Party 2 chooses a piece
3. Each party redistricts the piece they control

Define-Combine (Palmer, Schneer,
Deluca, 2023):

1. Party 1 makes 2k half-sized
districts
2. Party 2 pairs them up

GT Protocol (Benade, Procaccia, T-F, 2026):

1. Each party 7 draws a region X; of any size

2. Whichever player 7 drew the region
containing a smaller population is the divider,
and the other party, 7, is the chooser

. Party 2 divides X; into two pieces

. Party 7 chooses a piece

. Party 2 redistricts their part of X, and party
7 redistricts the rest of the state.
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Four more protocols

Cut-and-Choose: Define-Combine (Palmer, Schneer,

DelLuca, 2023):
1. Party 1 splits the state into two pieces
2. Party 2 chooses a piece 1. Party 1 makes 2k half-sized

3. Each party redistricts the piece they control districts
2. Party 2 pairs them up

GT Protocol (Benade, Procaccia, T-F, 2026):
Threshold election (T-F, 2018):

1. Each party 72 draws a region X; of any size S
2. Whichever player ¢ drew the region 1. Party 1 makes the redistricting map

containing a smaller population is the divider,| 2. Party 2 chooses a threshold

and the other party, 7, is the chooser m c [%7 1)
3. Party 2 divides X; into two pieces 3. On election day, each party needs a
4. Party J chooses a piece threshold of > m to win a district.
5. Party 2 redistricts their part of X, and party Otherwise it is awarded randomly

j redistricts the rest of the state. to each party with probability %
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D) = [ flayiz

e A valid district is a finite union of
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e The state is |0, 1], support for
party 7 according to party 1 is
obtained by integrating a density
function:

D) = [ flayiz

e A valid district is a finite union of

intervals of total measure %

e Parties may disagree over the
voter distribution

e Thus, both parties can "lose" the
same district...

e or "win" the same district
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Does Cut-and-Choose work?

Cut-and-Choose:

1. Party 1 splits the state into two pieces

2. Party 2 chooses a piece
3. Each party redistricts the piece they

control




Feasibility of geometric targets

Theorem (Benade,
hProcaccia, T-F, 2026)

In the State-Cutting model, there always
exists a partition satisfying the geometric
targets of both parties, each with respect
to its own reported voter distribution.

Does Cut-and-Choose work? (No.) Very Blue
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1. Party 1 splits the state into two pieces

2. Party 2 chooses a piece

3. Each party redistricts the piece they
control
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GT Protocol (Benade, Procaccia, T-F,
2026):

1. Each party 7 draws a region X;
of any size

2. Whichever player 7 drew the
region containing a smaller
population is the divider, and the
other party, 7, is the chooser
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GT Protocol (Benade, Procaccia, T-F,
2026):

1. Each party 7 draws a region X;
of any size

2. Whichever player 7 drew the
region containing a smaller
population is the divider, and the
other party, 7, is the chooser

3. Party 7 divides X ; into two
pieces

4. Party 1 chooses a piece
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GT Protocol (Benade, Procaccia, T-F,
2026):

Each party ¢ draws a region X;
of any size

Whichever player 7 drew the
region containing a smaller
population is the divider, and the
other party, 7, is the chooser

. Party 7 divides X ; into two

pieces

. Party 7 chooses a piece
. Party 7 redistricts their part of

X ; and party ¢ redistricts the
rest of the state.
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Feasibility of geometric targets, proof via GT protocol

GT Protocol (Benade, Procaccia, T-F, 9 |10 5 |4l6/71112|3|8132/1/814|6 |7
2026):

1. Each party 7 draws a region X; '\
of any size
2. Whichever player 7 drew the \

region containing a smaller ~>< \\

population is the divider, and the 0.5—--1---F

other party, 7, is the chooser ,
3. Party j divides X ; into two /

pieces /
. Party 1 chooses a piece
. Party 7 redistricts their part of
X and party 7 redistricts the

rest of the state. 0 |
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Optimization subject to GT constraint?

Num competitive districts

12 A

10 A

B Optimal
GT constrained

GA MA NC PA

™ VA

Efficiency gap (%)

20

16 1

12

_____"Acceptable threshold" ___

Compactness (Polsby-Popper)

0.35 -

0.30

0.25 -

0.20 A

0.15 -

0.10 A

0.05 -

0.00

GA MA NC PA X VA




Optimization subject to GT constraint?

Num competitive districts

B Optimal
GT constrained

Efficiency gap (%)

20

16 1

12

_____"Acceptable threshold" ___

TX

VA

Compactness (Polsby-Popper)

0.35 -

0.30

0.25 -

0.20 A

0.15 -

0.10 A

0.05 -

0.00 -
GA MA NC PA X VA
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