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Algorithm:

all candidates ;

;

while  :

 the tournament graph on ;

 a candidate with maximum out-degree;

;

 and all candidates it beats in a head-to-head contest ;

return  ;

The set  is a Condorcet winning set of size O(log m).

Theorem (Elkind, Lang, Saffidine, 2015)

Proof. CWS: Every candidate  loses to the candidate  that was added to  on the

round  was removed from . Size O(log m): every round, the size of  (which is

initially m) decreases by half. ◼
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Recall definition of the core - approximate version ( -stable committee):

There should be no group of a   fraction of voters that can form an alternative

committee of size  making every voter in the group happier.

Open Question: Is the core always feasible (when voters seek to maximize the number

of approved candidates on the committee)?

For any k, and for any monotone utility functions over committees, there always exists

a 32-stable committee.

For "ranking" preferences, there always exists a 16-stable committee.

Theorem (Jiang, Munagala, Wang, 2020)

Open Question: What is the minimal  we can get for monotone preferences?

(You can't do  = 1.)
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Connection to committee selection

Fix any preference profile and positive integer c. A committee of size k = 2c is c-stable

under ranking preferences if and only if it is a Condorcet winning set.

Theorem (Charikar, Ramakrishnan, Lassota, Vetta, Wang, 2025)

Ranking preferences: Each voter has a complete ranking of individual candidates, and

they prefer committee S' to S if their favorite candidate in S' is better than their favorite

candidate in S.

Proof. ( ) Suppose S is a c-stable committee. Consider deviations to alternative

committees S' = . We know that there is no group of a  fraction of voters that

strictly prefer  to everything in S.

( ) Suppose S is not c-stable. Then there exists S' of some size  such that a 

fraction of voters prefer some candidate in S' to all candidates in S. Partition these

voters into  groups based on which of the  candidates is their favorite. The largest

group has size at least  = 1/2 and prefers one specific candidate to all candidates in

S, so S is not a Condorcet winning set. ◼

= 1/2
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This can happen even with single-peaked preferences!

Theorem (Zeckhauser, 1969)
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Ex ante stability

A lottery  is ex ante stable if there is no candidate  such that a strict

majority of voters strictly prefer  to a random candidate sampled from  with

probability .

Consider this profile and suppose we run Maximal lotteries:

Alice and Bob simulatenously choose a candidate

A uniformly random voter v is chosen

The winner is the player whose chosen candidate is preferred by v

The output lottery is any mixed-strategy Nash equilibrium strategy.

20 35 45

a b c

b c a

c a b

Example

Suppose Bob is playing . Then Alice's expected payoffs are:

Claim:  is an equilibrium.
Prefers a

Prefers a with

probability 0.6

Not ex ante stable!
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Let  be a monotone function. An

equilibrium lottery for  is a distribution over

candidates  such that every candidate

 in the support of  maximizes

An equilibrium lottery exists for  (namely, ML).

Proposition
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Existence of equilibrium lotteries

An equilibrium lottery exists for any monotone and continuous scoring function.

Theorem (Nguyen, 2025)

Proof. We seek to find  such that, for all  for which ,

Equivalently,  must be a best-response to the following two-step optimization problem:

1. Given  and the current score vector , compute the new

score vector

2. Then compute a best response  to :
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Any set-valued best-response function satisfying the above

properties has a fixed point, i.e., a tuple  that is a best

response to itself.

Theorem (Kakutani, 1941)

We have a best response map 

                                            

satisfying the following properties:

1.  is compact, convex, and nonempty.

2. For all ,  is convex and nonempty.

3.  is upper-hemicontinuous:

The theorem follows by Kakutani's fixed-point Theorem. ◼
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Existence of stable lotteries

Proof sketch. Take the limit of continuous functions that converge to . ◼

An equilibrium lottery exists even for the discontinuous step function:

Corollary

...

An equilibrium lottery for  is ex ante and ex post stable.

Theorem (Nguyen, 2025)
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For any score function , if  is an

equilibrium lottery, then the maximum

score of any candidate (attained by

each candidate in the support of ) is

Lemma

Proof of Theorem, continued. Finally, we

show ex post stability, which means that

each outcome in the support of p is weakly preferred to the lottery p itself.

Suppose some candidate  violates this. Then  lies entirely to the left of  for more

than half of the voters . Since these voters have   and the maximum

possible score of the rest of the voters is at most 1, the expected score over  is

less than , contradicting the Lemma. ◼
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Application to intransitive dice

k-dice game:

1. Alice makes a set of arbitrarily many dice, with arbitrarily

many sides, and arbitrary numbers on the faces

2. Bob picks k dice

3. Alice picks any one other die

4. They both roll, whoever picked the highest die wins

(1) Alice can win the 1-dice game with any probability < 3/4. [Komisarski, 2021]

(2) If Alice can only make 3 dice, the limiting probability is . [Trybuła, 1961]

(3) Yet Bob can win the 5-dice game with probability > 1/2 even with correlated dice!

Theorem

Proof of (3). Consider a preference profile with one candidate per die and one voter for

every possible roll of Alice's dice, where the voter ranks candidates from highest die to

lowest die. Bob selects 5 dice corresponding to a Condorcet winning set. A majority of

die rolls rank one of these 5 dice the highest. ◼
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