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S «— (;

while C # 0:
GG < the tournament graph on C';
¢ <— a candidate with maximum out-degree;
S+ Su{c};

c <+ C'\ {c and all candidates it beats in a head-to-head contest};
return S;

Proof. CWS: Every candidate x & S loses to the candidate c that was added to S on the

round x was removed from C. Size O(log m): every round, the size of C' (which is
initially m) decreases by half. m
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Recall definition of the core - approximate version (c-stable committee):

There should be no group of a c@/k fraction of voters that can form an alternative
committee of size £ making every voter in the group happier.

Open Question: Is the core always feasible (when voters seek to maximize the number
of approved candidates on the committee)?

Open Question: What is the minimal ¢ we can get for monotone preferences?
(You can'tdoc =1.)
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Connection to committee selection

Ranking preferences: Each voter has a complete ranking of individual candidates, and
they prefer committee S’ to S if their favorite candidate in S’ is better than their favorite
candidate in S.

Theorem (Charikar, Ramakrishnan, Lassota, Vetta, Wang, 2025)]

Fix any preference profile and positive integer c. A committee of size k = 2c is c-stable
under ranking preferences if and only if it is a Condorcet winning set.

Proof. ( == ) Suppose S is a c-stable committee. Consider deviations to alternative
committees S’ = {x}. We know that there is no group of a ¢f/k fraction of voters that
strictly prefer x to everything in S. =1/2

( <= ) Suppose S is not c-stable. Then there exists S’ of some size ¢ such that a cﬁ/k
fraction of voters prefer some candidate in S’ to all candidates in S. Partition these
voters into £ groups based on which of the £ candidates is their favorite. The largest
group has size at least c/k = 1/2 and prefers one specific candidate to all candidates in
S, so S is not a Condorcet winning set. m
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Theorem (Zeckhauser, 1969)]
This can happen even with single-peaked preferences! ‘ I
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equilibrium lottery for f is a distribution over .
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Generalizing Maximal lotteries

Maximal lotteries is an "equilibrium lottery" for the "scoring function" f(z) = x.

(@) = 0.20(pe + pp p2“) | 0.35(172“) - 0.45(pp + %“) 3
— b
= 0.20 - avg(f(z)) + 0.35 - avg(f(z)) + 0.45 - avg(f(z)) *
TE [pc+Dp, €0, py| TE Py, Pp+Pa] C
PctPo+Dal

Let f:]0,1] — [0, 1] be a monotone function. An

equilibrium lottery for f is a distribution over .
candidates p € A([m]) such that every candidate 1§ (f,P)

a in the support of p maximizes

Ezw[n] [Hg(fa p)]

Proposition ]
An equilibrium lottery exists for f(x) = x (namely, ML).
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Proof. We seek to find p € A(|m]) such that, for all a for which p, > 0,

a € argmax K, 1, [IL7 (f,p)].

Equivalently, p must be a best-response to the following two-step optimization problem:

1. Given p € A(|m]) and the current score vector (y1,7s,...,Ym), cOmpute the new
score vector

2. Then compute a best response p’ € A(|m]) to '

p' = arg rr;)elmx(fy' . p').
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We have a best response map ¢ : ¥ — 22 o
(p,7) = {optimal (p',~')}

satisfying the following properties:

1.3 = A(|m]) x [0,1]™ is compact, convex, and nonempty.

2. For all (p,~), ®(p,~y) is convex and nonempty.
3. ® is upper-hemicontinuous:

®(p1,71), ®(p2,72), (P3,73), - - — (D, 7)
W W W W

(pia 7{)7 (plza 7§)7 (p,37 7§)7 v 7 (pla 7,)
The theorem follows by Kakutani's fixed-point Theorem. B

Theorem (Kakutani, 1941)]

Any set-valued best-response function satisfying the above
properties has a fixed point, i.e., a tuple (p,~y) that is a best

response to itself.
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Proof. Since p is only supported on b
score-maximizing candidates,

maXaefm Eivin] (11} (f, )] = BapEicfn TE(F,0)] = Einp Y | [ (f,P) - Pal

a€[m]
1
:/o flz)dz. m
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Proof of Theorem. For the stelp function, the b _T
maximum possible score is [, h(z)dz = 5.

Suppose toward a contradiction that, for some candidate ¢, more than half the voters

1

prefer ¢ to the lottery p with probability more than 5.

This means ¢ must lie entirely to the right of % for more than half of the voters.
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Proof of Theorem. For the stelp function, the b a C
maximum possible score is [ h(z)dz = .
Suppose toward a contradiction that, for some candidate ¢, more than half the voters

prefer c to the lottery p with probability more than %

This means ¢ must lie entirely to the right of % for more than half of the voters 1.

Since these voters have II(h,p) = 1, the expected score over ¢ ~ |n] is greater than

%, contradicting the Lemma.
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LLemma ]

For any score function f, if p is an
equilibrium lottery, then the maximum
score of any candidate (attained by
each candidate in the support of p) is

/01 f(x)dz.

Proof of Theorem, continued. Finally, we
show ex post stability, which means that

each outcome in the support of p is weakly preferred to the lottery p itself.
Suppose some candidate b violates this. Then b lies entirely to the left of % for more

than half of the voters i. Since these voters have II’(h,p) = 0 and the maximum

possible score of the rest of the voters is at most 1, the expected score over i ~ |n] is

1

less than 3, contradicting the Lemma. m

I (f,p) R
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k-dice game:

1. Alice makes a set of arbitrarily many dice, with arbitrarily
many sides, and arbitrary numbers on the faces

2. Bob picks k dice

3. Alice picks any one other die

4. They both roll, whoever picked the highest die wins

Proof of (3). Consider a preference profile with one candidate per die and one voter for
every possible roll of Alice's dice, where the voter ranks candidates from highest die to
lowest die. Bob selects 5 dice corresponding to a Condorcet winning set. A majority of
die rolls rank one of these 5 dice the highest. &
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